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1. Introduction
Associated to a smooth, projective, geometrically connected curve C over a field
K is the short exact sequence
1→ π1(C ⊗K K, η)→ π1(C, η)→ GK → 1
of e´tale fundamental groups, where K is a separable closure of K, GK = Gal(K/K)
and where η is a geometric point of C. Each K-rational point x of C induces a
section sx : GK → π1(C, η) of the right-hand map, which is well defined up to
conjugation by an element of the geometric fundamental group π1(C ⊗K K, η).
Grothendieck’s Section Conjecture [12] asserts that, if K is an infinite field that is
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2 RICHARD HAIN
finitely generated over its prime field, and if the genus of C is 2 or more, then the
function
C(K)→ {sections of π1(C, η)→ GK}/conjugation by π1(C ⊗K K, η)
that takes x to the conjugacy class of sx is a bijection. In this paper we prove the
section conjecture for the restriction of the universal curve C → Mg to its generic
point Spec(k(Mg)) for all g ≥ 5 when char k = 0.
1 When g ≥ 5 and n ≥ 1 we
prove a modified version of the Section Conjecture for the pullback of the universal
curve to the generic point ofMg,n in which π1(C ⊗KK, η) is replaced by its ℓ-adic
prounipotent completion, where the prime number ℓ is chosen so that the image of
the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infinite. In particular, this version
of the “unipotent section conjecture” holds whenever k is a number field or a finite
extension of Qp, where p 6= ℓ.
The proof proceeds in two stages. We first show that, when g ≥ 3, the universal
curve overMg,n has no more k(Mg,n)-rational points other than the obvious ones
— namely, the rational points that are the restrictions of the n tautological sections
of C → Mg,n. This follows directly from results in Teichmu¨ller theory proved by
Hubbard [25] and Earle and Kra [6] in the 1970s. We give an algebraic proof of
this consequence of their results which also applies to ample subvarieties of Mg,n
of dimension ≥ 2 and which should also hold in positive characteristic.
The second step is to study conjugacy classes of sections of the group extension
1→ π1(C ⊗K K, η)
un
/Qℓ
→ GK ⋉ π1(C ⊗K K, η)
un
/Qℓ
→ GK → 1
where K = k(Mg,n), n ≥ 1, and where C is the pullback of the universal curve
to SpecK. This is done using the non-abelian cohomology developed by Kim in
[28] for extensions of a profinite group by a prounipotent group, which proves to
be very effective in this case.
The principal tool used to prove these results is the theory of weighted comple-
tions of profinite groups [20, 23], which was developed with Makoto Matsumoto.
Other notable ingredients used include the computation of the relative completion
of mapping class groups in genus ≥ 3 in [15], a “density theorem” [18], and Kim’s
non-abelian cohomology mentioned above.
This work is inspired by work of Ellenberg [7] and Kim [29] who independently
tried to bound the number of rational points of hyperbolic curves over a number
field by bounding the number of conjugacy classes of sections of the surjective
homomorphism π1(C, η)/L
r → GK , where L
r denotes the rth term of the lower
central series of π1(C ⊗K K, η).
We now describe the main results in more detail. A natural generalization of
the universal curve C → Mg,n, introduced in Section 11, is that of a topologically
ample family of curves of type (g, n). Roughly speaking, a family C → T of smooth
projective curves over a geometrically connected k-variety T is topologically ample
of type (g, n), where g ≥ 3, if it has n disjoint sections and if the corresponding k-
morphism T →Mg,n induces an isomorphism of the fundamental group of T with
a finite index subgroup of π1(Mg,n, η) that contains the profinite Torelli group.
(See Definition 11.1.) Examples of topologically ample curves of type (g, n) include
the universal curve over the moduli space Mg,n[m] of smooth projective curves of
1Here and throughout the introduction, Mg ,Mg,n andMg,n[m] are considered to be stacks
over the field k.
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type (g, n) with a level m structure, where g + n ≥ 4 or g ≥ 3 and m ≥ 3, and its
restriction to a generic linear section of Mg,n[m] of dimension ≥ 2.
Theorem 1. Suppose that C → T is a topologically ample family of curves of type
(g, n) over a field k of characteristic zero. If g ≥ 3, then the only k(T )-rational
points of C are its n tautological points: C(k(T )) = {x1, . . . , xn}.
The theorem is false when g = 2. Since every genus 2 curve is hyperelliptic,
|C(k(M2,n[2m]))| ≥ 6 + 2n
whenever m + n ≥ 2 as, apart from the n tautological sections, C(k(M2,n[2m]))
contains the 2g + 2 = 6 Weierstrass points of the universal curve and the n hyper-
elliptic conjugates of the tautological points.2 In fact, the result of Earle-Kra [6]
implies that there are no additional rational points, so that one has equality above.
The following result establishes the Section Conjecture for the pullback of the
universal curve to the generic point of Mg[m] when g ≥ 5, provided that there
exists a prime number ℓ such that the image of the ℓ-adic cyclotomic character
χℓ : Gk → Z
×
ℓ is infinite.
Theorem 2. Suppose that k is a field of characteristic zero, that ℓ is a prime
number, and that m ≥ 1. Set K = k(Mg[m]) and let C/K be the pullback of the
universal genus g curve to SpecK. Fix a geometric point η of C. If g ≥ 5, and
if the image of the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infinite, then the
extension
1→ π1(C ⊗K K, η)→ π1(C, η)→ GK → 1
does not split.
When n ≥ 1, we can only prove a weaker version of this result. As in the previous
result, k is a field of characteristic zero. Fix m ≥ 1 and set K = k(Mg,n[m]). Let
C/K be the pullback of the universal curve to SpecK.
Each K-rational point xj ∈ {x1, . . . , xn} of C induces a continuous homomor-
phism
sj : GK → Autπ1(C ⊗K K,xj)
where xj : SpecK → C is a geometric point that lies over xj . This induces a
homomorphism
sunj : GK → Autπ1(C ⊗K K,xj)
un
/Qℓ
into the automorphism group of the Qℓ-unipotent completion of π1(C ⊗K K,xj).
Theorem 3. Suppose that g ≥ 5 and that n ≥ 1. Suppose that k is a field of
characteristic zero and that ℓ is a prime number for which the ℓ-adic cyclotomic
character χℓ : Gk → Z
×
ℓ has infinite image. With the notation introduced above,
if H1(Gk,Qℓ(r)) is finite dimensional for all r > 1, then then there is a natural
bijection between the π1(C ⊗K K,x1)
un(Qℓ) conjugacy classes of splittings of
1→ π1(C ⊗K K,x1)
un(Qℓ)→ GK ⋉sun1 π1(C ⊗K K,x1)
un(Qℓ)→ GK → 1
and elements of C(K).
2It is necessary to take m + n ≥ 2 as the stack M2[2] does not have a function field. The
Weierstrass points are rational as the level is even, which implies that the 2-torsion of the jacobian
is trivialized.
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The theorem applies, for example, when k is a number field and when k is a
finite extension of Qp provided that ℓ 6= p. It should also hold when k is a finite
field of characteristic p and ℓ 6= p. Truncated versions of this result are proved
in Section 18. The theorem also holds when Mg,n/k[m] is replaced by a generic
section of it by a complete intersection T of dimension ≥ 3 and sufficiently high
multi-degree. The details of the proof of this extension, Theorem 18.7, are similar
to those Theorem 3 and are left to the interested reader.
When C is an affine curve, the story is more subtle as the second weight graded
quotient of πun1 (C⊗KK, η) contains at least one copy ofQℓ(1). SinceH
1(GK ,Qℓ(1))
is infinite dimensional, this implies that H1(GK ,Gr
W
−2 π
un
1 (C ⊗K K)) is infinite
dimensional when C is affine. To avoid unnecessary technicalities, the affine case
has been postponed.
As remarked above, the principal tool used to prove the main results is the theory
of weighted completion of profinite groups developed with Makoto Matsumoto in
[20, 23]. Given a curve C/T satisfying certain natural conditions, one can take
the weighted completion of the groups π1(C, ηC) and π1(T, η) with respect to their
natural monodromy representations in GSp(H) := GSp(H1e´t(Cη,Qℓ(1))) to obtain
Qℓ-affine proalgebraic groups GC and GT , both of which are extensions of GSp(H) by
a prounipotent group. The projection C → T induces a surjective homomorphism
(1) GC → GT .
Sections of π1(C, ηC) → π1(T, η) induce sections of (1). Theorem 1 is proved by
exploiting the presentation of the Lie algebra ug,n of the pronilpotent radical of the
relative completion of the mapping class group π1(Mg,n, x)
an that was computed
in [15].
The Lie algebras uT , uC and ug,n of the prounipotent radicals of the fundamental
groups of T , C and Mg,n all have a natural weight filtration
u =W−1u ⊇W−2u ⊇W−3u ⊇ · · ·
whose graded quotients are GSp(H)-modules. To prove Theorem 1, one need only
use their quotients uC/W−3 and uT /W−3 by W−3. The principal defining property
of a topologically ample family C/T of curves of type (g, n) is that the morphism
T →Mg,n induce an isomorphism uT /W−3 → ug,n/W−3. This clearly holds when
T → Mg,n induces an isomorphism on fundamental groups, such as when T is a
generic linear section of Mg,n of dimension ≥ 2.
To prove Theorems 2 and 3, one needs to understand how uT /W−3 changes when
one replaces T =Mg,n by a Zariski open subset U . It turns out that when g ≥ 5,
the induced Lie algebra homomorphism
uU/W−3 → ug,n/W−3
is close to being an isomorphism. More precisely, its weight −1 quotient does not
change when one replacesMg,n by U , and its weight −2 quotient is an isomorphism
modulo the trivial representation of Sp(H). This is proved using a corollary of the
“density theorem” from [18], which asserts that ifX is a complex algebraic manifold,
and f : X → Mang,n a morphism whose image is a divisor, then the image of the
natural monodromy representation π1(X, xo)→ Spg(Z) has finite index in Spg(Z).
The proof of this density theorem makes essential use of Goresky and MacPherson’s
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stratified Morse theory [10] and a recent result [38] of Putman on the Picard groups
of level coverings of Mg,n for g ≥ 5.
This invariance of u/W3 is encoded in the cohomological computations of Sec-
tions 16 and 17. Theorems 2 and 3 are then proved using Kim’s non-abelian coho-
mology [28] and provide an example where his methods effectively find all of the
rational points of a curve. These non-abelian computations are also related to,
and might illuminate, work of Jordan Ellenberg [7] and Kirsten Wickelgren [45] on
rational points of curves over number fields.
The computations and arguments in Sections 16 through 18 introduce certain
cohomology classes of degree ≤ 2 in the cohomology of Mg,n with coefficients
in local systems corresponding to certain GSp(H) modules V . Since a smooth
projective curve of genus g over an extension field K of k with n-known rational
points corresponds to a map SpecK →Mg,n, these classes specialize to classes in
H•(GK , V ), and can thus be regarded as characteristic classes of curves C over K
with n known rational points. They should be useful in investigating whether or
not C has any additional K-rational points.
Convention: Suppose that k is a field. By a k-variety we will mean an integral,
separated scheme of finite type over k. All k-schemes will be integral. By a family
of smooth varieties over X we mean a flat morphism X → T , each of whose closed
fibers is smooth. When we want to emphasize that Mg,n is regarded as a stack
over Spec k, we will denote it by the unfortunately cumbersome notation Mg,n/k.
Acknowledgments: Much of this work was done in 2009 during visits to MSRI, the
Universite´ de Nice and the Newton Institute. I am very grateful to these institu-
tions for their hospitality and support and to Duke University for the sabbatical
leave during which this work was completed. I am also grateful to the many math-
ematicians who took an interest in this work and with whom I had many helpful
discussions, particularly Jordan Ellenberg, Minhyong Kim and Makoto Matsumoto.
I am also grateful to Arnaud Beauville and Naria Kawazumi, both of whom pointed
out the existence and relevance of the works of Hubbard [25] and Earle and Kra
[6]. Finally, I owe a huge debt of gratitude to the referee for his/her very thorough
reading of the manuscript and his/her numerous detailed comments and corrections.
2. Fundamental Groups and Galois Groups
We will have occasion to use various fundamental groups. In this section we
enumerate some of them and summarize their basic properties. Unless mentioned
otherwise, throughout this section X is a smooth, geometrically connected variety
defined over a field k of characteristic zero.
2.1. The topological fundamental group. When k is a subfield of C, we shall
denote the corresponding analytic variety by Xan. For x ∈ X(C), we have the topo-
logical fundamental group πtop1 (X
an, x), which we shall denote simply by πtop1 (X, x).
If X is a DM stack over k, the associated analytic space Xan is an orbifold (i.e., a
stack in the category of topological spaces). In this case, we will denote the orbifold
fundamental group of Xan by πorb1 (X, x), where x is any suitable basepoint. Such
fundamental groups are defined in [36], for example. Typically in this paper, X
will be the quotient of a smooth variety be a finite group. In this case the orbifold
fundamental group is easy to describe directly. See, [17, §3], for example.
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2.2. The e´tale fundamental group. Denote the e´tale fundamental group of X
by π1(X, η), where η is a geometric point of X . The e´tale fundamental group of
a DM stack X can also be defined — see [36]. We will also denote it by π1(X, η).
Fix an algebraic closure k of k. The fundamental group of Spec k with respect to
the geometric point Spec k → Spec k is simply Gal(k/k). We denote it by Gk. The
structure morphism X → Spec k induces a homomorphism π1(X, η) → Gk. One
has the canonical short exact sequence
(2) 1→ π1(X ⊗k k, η)→ π1(X, η)→ Gk → 1.
Each k-rational point x ∈ X(k) induces a section of π1(X, η) → Gk that is
well-defined up to conjugation by an element of the geometric fundamental group
π1(X ⊗k k, η).
2.3. Topological versus e´tale fundamental groups. When k = C and x ∈
X(C), there is a natural isomorphism
π1(X, x) ∼= π
top
1 (X, x)
∧
between the e´tale fundamental group of X and the profinite completion of its topo-
logical fundamental group. When k is a subfield of C, the exact sequence (2)
becomes
1→ πtop1 (X, x)
∧ → π1(X, x)→ Gk → 1.
2.4. Relation to Galois groups. Set K = k(X) and let η be any geometric point
that lies over the generic point of X . This also serves as a basepoint for any Zariski
open subset of X . We therefore have an inverse system of profinite groups:{
π1(X −D, η)
}
D
where D ranges over the divisors in X that are defined over k.
Denote the Galois group Gal(K/K) of K by GK . There are natural surjections
GK → π1(X −D, η).
for each divisor D in X .
Proposition 2.1. The natural homomorphism
GK → lim←−
D
π1(X −D, η)
is an isomorphism.
3. Points and Sections
Suppose that T is a smooth variety over k, a field of characteristic zero, and that
f : C → T is a family of smooth projective curves. That is, f is a proper flat family
of geometrically connected smooth projective curves over T . Denote the function
field k(T ) of T by K. The following assertion follows directly from the valuative
criterion for properness [11, 7.3.8]. It can also be proved by an elementary direct
argument.
Proposition 3.1. There is a natural 1-1 correspondence between K-rational points
x ∈ C(K) and equivalence classes of sections s : U → C of f defined on a Zariski
open subset U of T defined over k where each component of T −U has codimension
≥ 2 in T . Two such sections are defined to be equivalent if they agree on the
intersection of their domains.
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Fix a prime number ℓ and let # ∈ {e´t, top} if k = C and # = e´t in general. Fix
geometric points to of T and xo of C such that f(xo) = to. Denote the fiber of C
over to by Co.
Corollary 3.2. Each x ∈ C(K) induces a splitting x∗ : π
#
1 (T, to) → π
#
1 (C, xo)
of the natural homomorphism f∗ : π
#
1 (C, xo) → π
#
1 (T, to) that is unique up to
conjugation by an element of π#1 (Co, xo).
Remark 3.3. A result of Stix [42] implies that rational points x ∈ C(K) correspond
to global sections of C → T . When k = C, this follows from Teichmu¨ller theory.
Indeed, if s : U → C is a holomorphic section C → T defined in the complement of
an analytic subset Z of T , each of whose components has codimension ≥ 2, then
the inclusion U →֒ T induces an isomorphism on fundamental groups, and thus
an inclusion of universal coverings U˜ →֒ T˜ . The section s lifts to a holomorphic
mapping s˜ : U˜ → Xg,1 into the Teichmu¨ller space Xg,1 of marked Riemann surfaces
of type (g, 1). Since Xg,1 is a domain in C
3g−2, Hartog’s Theorem implies that s˜
extends to a holomorphic mapping T˜ → Xg,1, which implies that s extends to a
holomorphic section of C → T .
4. Monodromy Representations
4.1. The groups Sp(H) and GSp(H). Suppose that g ≥ 1 and that A is a com-
mutative ring. Suppose that HA is a free A-module of rank 2g endowed with a
unimodular, skew symmetric bilinear form
β : HA ⊗HA → A.
For an A-algebra R, set HR = HA ⊗A R. The general symplectic group is defined
by
GSp(HR) := {φ : HR → HR : φ
∗β = τ(φ)β for some τ(φ) ∈ R×}.
Taking φ to τ(φ) defines a homomorphism τ : GSp(HR)→ R
× whose kernel is the
symplectic group Sp(HR).
We will view GSp(HA) and Sp(HA) as group schemes over A whose groups of
R-rational points are GSp(HR) and Sp(HR), respectively. We will omit the ground
ring A from the notation when it should be clear from the context. There is an
exact sequence of algebraic groups
1→ Sp(H)→ GSp(H)
τ
→ Gm → 1.
The pairing β can be replaced by a GSp(H)-pairing θ as follows. For r ∈ Z,
denote by A(r) the representation of GSp(H) whose underlying A-module is free
of rank 1 and where GSp(HA) acts via τ
r . Each choice of a generator ao of A(1)
gives rise to the GSp(H)-invariant bilinear pairing
θ : H ⊗H → A(1) θ : x⊗ y 7→ β(x, y)ao.
With this choice
GSp(HR) := {φ : HR → HR : φ
∗θ = θ}.
For a GSp(HA)-module V , denote by V (r) the representation V ⊗A A(r). Since
β is unimodular, θ induces an isomorphism
HA
≃ // H∗A(1) := HomA(HA, A)(1)
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The representation Λ2V will be regarded as a quotient of V ⊗2; the image of v1⊗ v2
will be denoted v1 ∧ v2. The pairing
(Λ2H∗A)⊗ (Λ
2HA)→ A (φ1 ∧ φ2)⊗ (x1 ∧ x2) := det(φi(xj))
is perfect and thus induces isomorphisms
(Λ2HA)
∗(2) ∼= Λ2
(
H∗A(1)
)
∼= Λ2HA
The dual pairing θˇ : H∗A ⊗H
∗
A → A(−1) will be regarded as a GSp(H)-equivariant
map θˇ : A(1)→ Λ2HA or, equivalently, as an element of Λ
2HA(−1).
4.2. Monodromy representations. Suppose that T is a smooth variety over a
field k of characteristic zero and that f : C → T is a family of smooth projective
curves over T . Fix a geometric point η : SpecF → T of T and denote the fiber of
C over it by Cη. For a prime number ℓ we set
HZℓ = H
1
e´t(Cη,Zℓ(1)).
This is endowed with the cup product pairing θ : Λ2HZℓ → Zℓ(1), which is unimod-
ular. Let x be a geometric point of C that lies over η.
Lemma 4.1. If g ≥ 2 or if g = 1 and f : C → T has a section, then the homo-
morphism π1(Cη, x)→ π1(C, x) induced by Cη → C is injective.
Proof. The result is clear when f has a section. So suppose that g ≥ 2. Since
π1(C ⊗ k, x) → π1(C, x) is injective, it suffices to consider the case where k is
algebraically closed. We may assume that k = C and that η ∈ T (C) and x ∈ C(C).
Standard algebraic topology implies that πtop1 (C, x) acts on π
top
1 (Cη, x) and that
the composite
πtop1 (Cη, x)→ π
top
1 (C, x)→ Aut
(
πtop1 (Cη , x)
)
is the conjugation action. Taking profinite completions, it follows that there is a
continuous action of π1(C, x) on π1(Cη, x) and that
π1(Cη, x)→ π1(C, x)→ Aut
(
π1(Cη, x)
)
is the conjugation action. Since π1(Cη, x) has trivial center [1], it follows that
π1(Cη, x)→ π1(C, x) is injective. 
Suppose that g ≥ 2 or that g = 1 and that f has a section. Since HZℓ
∼=
Hom(π1(Cη, x),Zℓ(1)), the conjugation action of π1(C, x) on π1(Cη, x) induces a
natural monodromy action
ρη : π1(T, η)→ GSp(HZℓ)
such that the diagram
π1(T, η)
ρη //

GSp(HZℓ)
τ

Gk
χℓ // Gm(Zℓ)
commutes, where the left-hand map is the canonical projection, the right-hand
vertical map τ is the natural surjection, and where χℓ is the ℓ-adic cyclotomic
character. Often we will extend scalars from Zℓ to Qℓ.
Denote the projection by f : C → T . For A = Zℓ or Qℓ, set
HA := R
1f∗A(1)
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Proposition 4.2. If g ≥ 2 or if g = 1 and f : C → T has a section, then
the monodromy representation of π1(T, η) on the fiber HA of HA over η is ρη :
π1(T, η)→ AutHA.
Proof. The proof of the topological analogue of the assertion is an exercise in topol-
ogy and is left to the reader.3 We prove the arithmetic version. Let K = k(T ). Fix
an algebraic closure K of K. We may assume that η = SpecK. Then one has the
diagram
1 // π1(Cη, x) // π1(C ×T SpecK,x) //

GK

// 1
1 // π1(Cη, x) // π1(C, x) // π1(T, η) // 1
in which the vertical maps are surjective. The Galois action GK → AutHA is
induced by the conjugation action of π1(C ×T SpecK,x) on π1(Cη, x). The result
now follows from naturality of the monodromy action under base change and the
commutativity of the diagram. 
5. Mapping Class Groups and Moduli Stacks of Curves
Suppose that g and n are non-negative integers satisfying 2g − 2 + n > 0. Fix
a closed, oriented surface S of genus g and a finite subset x = {x1, . . . , xn} of n
distinct points in S. The corresponding mapping class group will be denoted
ΓS,x = π0Diff
+(S,x),
where Diff+(S,x) denotes the group of orientation preserving diffeomorphisms of
S that fix x pointwise. By the classification of surfaces, the diffeomorphism class
of (S,x) depends only on (g, n). Consequently, the group ΓS,x depends only on the
pair (g, n). It will be denoted by Γg,n when we have no particular marked surface
(S,x) in mind.
Denote the moduli stack over Spec k of smooth projective curves of genus g
with n distinct marked points by Mg,n/k. The corresponding complex analytic
orbifold will be denoted by Mang,n. Recall that π
orb
1 (Mg,n, η) denotes the orbifold
fundamental group of Mang,n.
If (C,x) is an n-pointed smooth complex projective curve, there is a natural
isomorphism
πorb1 (Mg,n, [C,x])
∼= ΓC,x.
For each geometric point η of Mg,n/k there is therefore an isomorphism
π1(Mg,n/k, η)
∼= Γ∧g,n,
which is well-defined up to inner automorphisms, and an exact sequence
1→ Γ∧g,n → π1(Mg,n/k, η)→ Gk → 1.
The Lefschetz trace formula implies that when n > 2g + 2, the automorphism
group of each n-marked, genus g curve is trivial. In this case, Mg,n/k is a quasi-
projective k-scheme, [31]. When n ≤ 2g + 2, we can replace Mg,n by
◦
Mg,n, the
locus of n-pointed genus g curves in Mg,n with trivial automorphism group. Since
3Reduce to the case of a mapping torus.
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the locus of n-pointed curves in Mg,n with a non-trivial automorphism is a closed
subscheme ofMg,n, Knudsen’s result [31] implies that
◦
Mg,n is a smooth k-scheme.
Proposition 5.1. If g ≥ 2, then each component of the complement of
◦
Mg,n in
Mg,n has codimension ≥ g+n−2. Consequently, if g+n ≥ 4, the inclusion
◦
Mg,n →
Mg,n induces an isomorphism π
top
1 (
◦
Mg,n, x) ∼= Γg,n of fundamental groups.
Sketch of Proof. We will prove the case n = 0. The case n > 0 is an immediate
consequence as marking points on a curve C cannot create new automorphisms,
only kill them. First note that if a curve has a non-trivial automorphism, it has
one of prime order. Suppose that S is a compact oriented surface of genus g and that
G is a finite cyclic group of prime order p that acts effectively on S and preserves
the orientation. Since the stabilizer of each point is cyclic, G\S is a compact surface
and the projection π : S → G\S is a branched covering. Let h be the genus of G\S.
The Riemann-Hurwicz formula implies that
(3) h− 1 =
g − 1
p
−
1
2
∑
y∈A
(
1−
1
p
)
where A is the set of critical values of π. Let a = |A|. Teichmu¨ller theory implies
that the locus of curves in Mg where G ⊆ AutC and the action of G on C is
conjugate to the given action of G on S is the image of a morphism Mh,a →Mg.
This locus has codimension
dimMg − dimMh,a = (3g − 3)− (3h− 3 + a).
as g ≥ 2 implies that (h, a) cannot be (1, 0). Equation (3) implies that the codi-
mension of this locus is(
3g − 3 +
(3
2
−
1
1− p−1
)
a
)
(1− 1/p).
When p = 2 the codimension is (3g − 3 − a/2)/2, which is ≥ g − 2 as a ≤ 2g + 2
with equality if and only if a = 2g + 2 and h = 0, in which case C is hyperelliptic.
When p ≥ 3, then 3/2 ≥ (1− p−1)−1. In this case,
codim ≥ (3g − 3)(1− p−1) ≥ 2g − 2
with equality if and only if a = 0 and p = 3. 
5.1. Level structures.
5.1.1. In topology. Suppose that S is a compact oriented reference surface of genus
g. Set HZ = H1(S,Z) endowed with its intersection pairing. For a positive integer
m, the level m subgroup Sp(HZ)[m] of Sp(HZ) is defined to be the kernel of the
quotient homomorphism
Sp(HZ)→ Sp(HZ/mZ).
The group Sp(HZ)[m] is torsion free for all m ≥ 3.
The action of Diff+(S,x) on S induces a surjective homomorphism
ρ : ΓS,x → Sp(HZ).
Define the level m subgroup of Γg,n to be the kernel of the composite:
Γg,n → Γg → Sp(HZ/mZ).
Denote it by Γg,n[m]. It is torsion free when m ≥ 3.
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5.1.2. In arithmetic. Suppose that m is a positive integer and that k is a field of
characteristic zero that contains all mth roots of unity µm(k). Fix an isomorphism
ψ : Hom(µm(k),Q/Z) → Z/mZ. Such isomorphisms correspond to choices of a
primitive mth root of unity. A level m structure on a smooth projective curve C
of genus g over k is an isomorphism
φ : H1e´t(C ⊗k k,Z/mZ)→ (Z/mZ)
2g
such that the diagram
H1e´t(C ⊗k k,Z/mZ)
⊗2
cup //
φ⊗2

Hom(µm(k),Q/Z)
ψ

(Z/mZ)2g ⊗ (Z/mZ)2g // Z/mZ
commutes, where the bottom row is the standard symplectic inner product on
(Z/mZ)2g.
When considering the moduli of curves with a level m structure over k, we will
assume, as above, that k contains the mth roots of unity µm(k) and that the iso-
morphism ψ is specified. This ensures that the moduli stackMg,n/k[m] is geomet-
rically connected. It is a principal Spg(Z/mZ)-bundle over Mg,n/k. When m ≥ 3,
Mg,n[m] is a smooth quasi-projective variety. This follows from [33, Thm. 1.10]
using the GIT setup from [9, §2].
When k is an algebraically closed subfield of C, there is a natural conjugacy class
of isomorphisms πorb1 (Mg,n[m], ∗)
∼= Γg,n[m].
6. Relative and Weighted Completion of Profinite Groups
This section is a terse review of the relative and weighted completions of profinite
groups. The reader is referred to the surveys [21, 16], and the articles [13, 15, 20]
for a more detailed discussion and details.
6.1. Relative completion of a discrete group. Suppose that Γ is a discrete
group and thatR is a reductive F -group, where F is a field of characteristic zero (the
coefficient field). The completion of Γ with respect to a Zariski dense representation
ρ : Γ→ R(F ) is a proalgebraic F -group G, which is an extension
1→ U → G → R→ 1
of R by a prounipotent group U , and a Zariski dense representation ρ˜ : Γ → G(F )
whose composition with G(F ) → R(F ) is ρ. It is characterized by the following
universal mapping property: if G is a proalgebraic F -group that is an extension
1→ U → G→ R→ 1
of R by a unipotent F -group U , and if φ : Γ → G(F ) is a homomorphism whose
composition with G(F )→ R(F ) is ρ, then there is a homomorphism G → G of F -
groups that commutes with the projections to R and such that φ is the composite
Γ→ G(F )→ G(F ).
When R is the trivial group G = U , which is a prounipotent group. In this case,
U and Γ→ U(F ) comprise the unipotent completion of Γ over F . It will be denoted
by Γun/F .
A more interesting example is where Γ is the mapping class group Γg,n, where
2g − 2 + n > 0 and g ≥ 1. In this case, Γung,n/F is trivial. A better choice is to
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take R = Sp(HQ), where HA = H1(S,A) is the first homology of the compact
reference surface S and ρ : Γg,n → Sp(HQ) to be the representation of the mapping
class group on the first homology of the surface. Since this has image Sp(HZ), it
is Zariski dense. Denote the completion of Γg,n with respect to ρ by G
geom
g,n and its
prounipotent radical by Ugeomg,n . These are proalgebraic Q-groups.
One can restrict the homomorphism Γg,n → G
geom
g,n (Q) to the level m subgroup.
Proposition 6.1 ([15, Prop. 3.3]). If g ≥ 3, then for all m ≥ 1, the group Ggeomg,n
and the homomorphism Γg,n[m] →֒ Γg,n → G
geom
g,n (Q) is the completion of Γg,n[m]
relative to the natural homomorphism Γg,n[m]→ Sp(HQ).
We have been vague about the role played by the coefficient field F . This is
because relative completion behaves well under base change.
Theorem 6.2 ([23]). Assume the notation of this subsection. If E is an extension
field of F and if the image of ρ : Γ→ R(E) is Zariski dense in R⊗F E, then G⊗F E
and ρE : Γ→ R(E) = (R ⊗F E)(E) comprise the completion of Γ relative to ρE.
This is proved directly for relative completions of mapping class groups in [15,
Thm. 3.1]. It implies that the completion of Γg,n[m] relative to ρ : Γg,n[m] →
Sp(HQℓ) is G
geom
g,n ⊗Q Qℓ.
6.2. Continuous relative completion of a profinite group. This is the profi-
nite analogue of relative completion of a discrete group. In this case, we take the
coefficient field F to be the field Qℓ for some prime number ℓ. Suppose that Γ
is a profinite group, that R is a reductive Qℓ-group, and that ρ : Γ → R(Qℓ) is
a continuous, Zariski dense representation. The continuous completion of Γ with
respect to ρ is a proalgebraic Qℓ-group G that is an extension
1→ U → G → R→ 1
of R by a prounipotent Qℓ-group U and a continuous
4 Zariski dense representation
ρ˜ : Γ→ G(Qℓ) whose composition with G(Qℓ)→ R(Qℓ) is ρ. It is characterized by a
universal mapping property that is similar to the one that characterizes the relative
completion of a discrete group. The only difference is that all homomorphisms are
required to be continuous in the ℓ-adic profinite case.
When R is the trivial group, this reduces to the continuous unipotent completion
of a profinite group, [20, A.2].
The continuous relative completion of the profinite completion of a discrete group
can be computed from the relative completion of the discrete group. Denote the
profinite completion of the discrete group Γ by Γ∧. We can view Γ as a topological
group by defining the neighbourhoods of the identity to be the finite index normal
subgroups of Γ.
Theorem 6.3 ([20, 23]). Suppose that Γ is a discrete group, R is a reductive Qℓ-
group, and that ρ : Γ → R(Qℓ) is a continuous, Zariski dense representation. Let
ρℓ : Γ
∧ → R(Qℓ) be the continuous extension of ρ to Γ
∧. If G and ρ˜ : Γ → G(Qℓ)
is the completion of Γ relative to ρ, then:
(i) ρ˜ is continuous and thus induces a continuous homomorphism ρˆℓ : Γ
∧ →
G(Qℓ);
4A homomorphism φ : Γ→ G(Qℓ) from a profinite group to the rational points of a proalgebraic
Qℓ-group G is defined to be continuous if it is the inverse limit of continuous homomorphisms
Γ→ Gα(Qℓ), where each Gα is an algebraic Qℓ-group and G = lim←−
Gα.
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(ii) G and ρˆℓ is the continuous relative completion of Γ
∧ with respect to ρℓ.
In particular, the continuous completion of Γ∧g,n[m] with respect to the standard
representation ρℓ : Γ
∧
g,n[m] → Sp(HQℓ) is G
geom
g,n ⊗Q Qℓ. It also implies that the
continuous unipotent completion of the profinite completion π∧ of the topological
fundamental group π of and n-punctured, genus g surface is πun/Qℓ .
6.3. Negatively weighted representations. Suppose that F is a field of char-
acteristic zero. Denote Gm/F by Gm. First suppose that R is a reductive F -group
and that ω : Gm → R is a central cocharacter. If V is an irreducible F -rational
representation of R, then the restriction of V to Gm via ω is isotypical. That is,
there is an integer w(V ) such that Gm acts on V via the w(V )th power of its defin-
ing representation. We will call w(V ) the weight of V (with respect to ω) and say
that V has negative weight when w(V ) < 0. More generally, a finite dimensional
representation of R is negatively weighted when each of its irreducible components
is.
We will say that an extension
1→ U → G→ R→ 1
of affine algebraic F -groups, where U is unipotent, is negatively weighted (with
respect to ω) when the abelianization H1(U) of U is a negatively weighted R-
module. An extension of R by a prounipotent F -group U is negatively weighted if
it is the inverse limit of negatively weighted extensions of R by unipotent groups.
Proposition 6.4 ([20, Thms. 3.9 & 3.12]). Suppose that R is a reductive F -group
and that ω : Gm → R is a central cocharacter. If G is a proalgebraic group that is
a negatively weighted extension (with respect to ω) of R by a prounipotent group,
then every finite dimensional G-module V has a natural weight filtration W•:
0 =WNV ⊆ · · · ⊆Wr−1V ⊆WrV ⊆ · · · ⊆WMV = V.
It is characterized by the property that the action of G on
GrWr V :=WrV/Wr−1V
factors through G → R and is a representation of R of weight r. The weight
filtration is preserved by G-module homomorphisms and the functor GrW• on the
category of G-modules is exact.
Remark 6.5. Each choice of a lift ω˜ : Gm → G of the central cocharacter ω : Gm →
R determines a vector space isomorphism V ∼= GrW• V of a G-module V with its
associated weight graded space. This isomorphism is natural in the sense that the
diagram of vector spaces
V1
φ //
∼=

V2
∼=

GrW• V1
GrW• φ // GrW• V2
commutes for allG-module homomorphism φ : V1 → V2. Although the isomorphism
V ∼= GrW• V is natural, it is not canonical as it depends upon the choice of the lift
ω˜.
Denote the Lie algebras of G, R and U by g, r and u, respectively.
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Proposition 6.6 ([20, Prop. 4.5]). If G is a proalgebraic F -group that is a nega-
tively weighted extension of R by a prounipotent group U , then the Lie algebra g of
G and the Lie algebra u of U have natural weight filtrations W• that satisfy
g =W0g, u =W−1g, r = Gr
W
0 g.
In particular, each choice of a lift ω˜ : Gm → G of the central cocharacter ω : Gm →
R determines Lie algebra isomorphisms
g ∼=
∏
r<0
GrWr g and u
∼=
∏
r<0
GrWr u.
A pronilpotent Lie algebra n in the category of G-modules is the inverse system
(nα)α of nilpotent Lie algebras in the category of G-modules. The continuous
cohomology of a pronilpotent Lie algebra n is defined by
H•(n) = lim
−→
H•(nα)
and its homology by
H•(n) = lim←−
H•(nα).
These are ind- and pro-objects, respectively, of the category of G-modules, and thus
have natural weight filtrations. The later can be regarded as a topological vector
space under the inverse limit topology. There are natural G-module isomorphisms
H•(n) ∼= Homcts(H•(n), F ) and H•(n) ∼= Hom(H
•(n), F ).
Exactness of GrW• implies that homology and cohomology commute with Gr
W
• .
That is, there are canonical R-module isomorphisms
H•(GrW• n)
∼= GrW• H
•(n) and H•(Gr
W
• n)
∼= GrW• H•(n).
The following useful result is an analogue of Sullivan’s observation [43].
Lemma 6.7. Suppose that G is a proalgebraic F -group that is a negatively weighted
extension of R by a prounipotent group U and that n is a pronilpotent Lie algebra in
the category of G-modules. IfH1(n) has negative weights (i.e., H1(n) =W−1H1(n)),
then there is an R-module isomorphism GrW−1 n = Gr
W
−1H1(n) and an exact sequence
0→ GrW2 H
1(n)→ (GrW−2 n)
∗ bracket
∗
−→ Λ2GrW1 H
1(n)
cup
−→ GrW2 H
2(n)→ 0
in the category of ind-R-modules.
Proof. Denote the standard cochain complex of n by C•(n), where
Cs(n) = Homcts(Λ
sn, F ).
Since n = W−1n, this is a differential graded F -algebra in the category of ind-
R-modules. The exactness of GrW• implies that there are natural ind-R-module
isomorphisms
GrW• H
•(n) ∼= GrW• H
•(C•(n)) ∼= H•(GrW• C
•(n)).
Since H1(n) is negatively weighted, Gr
W
1 C
•(n) is the complex Hom(GrW−1 n, F ),
which implies that GrW1 H
1(n) = (GrW−1 n)
∗. Taking duals we see that
W−1H1(n) =
(
W1H
1(n)
)∗
=W−1n
The complex GrW−2 C
•(n) is the dual of
Λ2GrW−1 n
bracket // GrW−2 n.
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This and the isomorphism GrW1 H
1(n) = (GrW−1 n)
∗ imply the exactness of
0→ GrW2 H
1(n)→ (GrW−2 n)
∗ bracket
∗
−→ Λ2GrW1 H
1(n)
cup
−→ GrW2 H
2(n)→ 0.

6.4. Weighted completion of a profinite group. Weighted completion of a
profinite group Γ is a variant of continuous relative completion. It is a useful tool
as it can be used to define weight filtrations with strong exactness properties on
the representations of Γ that factor through its weighted completion.
Suppose that Γ is a profinite group, R is a reductive Qℓ-group endowed with
a non-trivial, central cocharacter ω : Gm/Qℓ → R, and that ρ : Γ → R(Qℓ) is a
continuous, Zariski dense representation.
The weighted completion of Γ with respect to ρ is a proalgebraic Qℓ-group G
that is a negatively weighted extension
1→ U → G → R→ 1
of R by a prounipotent Qℓ-group U and a continuous, Zariski dense representation
ρ˜ : Γ → G(Qℓ) whose composition with G(Qℓ) → R(Qℓ) is ρ. It is universal with
respect to continuous homomorphisms of Γ to negatively weighted extensions of R
that lift ρ.
Proposition 6.4 implies that every object of the category of finite dimensional
G-modules has a natural weight filtration and that the functor GrW• to the category
of graded vector spaces is exact.
6.5. Presentations. Suppose that F is a field of characteristic zero and that R is
a reductive group F -group. A generalization of Levi’s Theorem ensures that every
extension
1→ U → G → R→ 1
of R by a prounipotent group splits and that any two such splittings are conjugate
by an element of U . Such a splitting induces an isomorphism
G ∼= R⋉ U
that commutes with the projections to R, where the action of R on U is determined
by the splitting. The prounipotent radical U with its R-action is determined by its
Lie algebra u and the action of R on it. Thus, to give a presentation of G, it suffices
to give a presentation of u in the category of R-modules.
By standard arguments (cf. [16, §3.1]), u has a minimal presentation of the form
u ∼= L(H1(u))
∧/(imψ)
in the category of R-modules, where L(V ) denotes the free Lie algebra generated by
the vector space V , and where ψ : H2(u)→ [L(H1(u))
∧,L(H1(u))
∧] is an injection
such that the composite
H2(u)→ [L(H1(u))
∧,L(H1(u))
∧]→ Λ2H1(u)
is dual to the cup product Λ2H1(u)→ H2(u).
Suppose now that R is a reductive Qℓ-group, and that ω : Gm → R is a central
cocharacter. Suppose that Γ is a profinite group and that ρ : Γ → R(Qℓ) is a
continuous, Zariski dense representation. Denote the Lie algebra of the weighted
completion of Γ with respect to ω and ρ by g and that of its prounipotent radical
by u.
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Proposition 6.8 ([20, §4.3]). If V is a finite dimensional R-module of weight r,
then there are natural isomorphisms
HomR(H1(u), V ) ∼= HomR(Gr
W
r H1(u), V )
∼=
{
H1(Γ, V ) r < 0,
0 r ≥ 0
and a natural injection HomR(H2(u), V ) →֒ H
2(Γ, V ) whenever r < 0. If r > −2,
then HomR(H2(u), V ) = 0.
Remark 6.9. An elementary spectral sequence argument implies that when R is
connected
Hj(g, V ) ∼= H0(r, Hj(u)⊗ V ) ∼= HomR(Hj(u), V )
for all finite dimensional R-modules V .
The following example summarizes results from [20] and will be used later in the
paper.
Example 6.10. Suppose that k is a field for which the image of the ℓ-adic cyclo-
tomic character χℓ : Gk → Z
×
ℓ is infinite or, equivalently, that χℓ : Gk → Gm(Qℓ) is
Zariski dense. Define a central cocharacter5 ω : Gm → Gm by z 7→ z
−2. Denote the
weighted completion of Gk with respect to χℓ and ω by Ak. It is a split extension
1→ Kk → Ak → Gm → 1
of Qℓ-groups, where Kk is prounipotent. Denote the Lie algebras of Ak and Kk by
ak and kk, respectively. Proposition 6.8 implies that
GrWr H1(kk) =
{
H1(Gk,Qℓ(s))
∗ ⊗Qℓ(s) r = −2s < 0,
0 otherwise.
This implies that GrW−1 ak = 0 and that
GrW−2 ak
∼= H1(Gk,Qℓ(1))
∗ ⊗Qℓ(1).
If k is a number field, a finite extension of Qp or a finite field of characteristic p,
where p 6= ℓ, the image of the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infinite.
When k is finite, Ak = Gm. When k is a number field, Gr
W
• kk is a free Lie algebra,
[20].
6.6. An exactness criterion. In general, relative and weighted completion are
only right exact. In this section we give a criterion for when weighted completion
is exact. Suppose that
1 // π // Γ̂
φ // Γ // 1
is an exact sequence of profinite groups. Suppose that R is a reductive Qℓ-group
with a central cocharacter ω : Gm → R. and that ρ : Γ → R(Qℓ) is a continuous,
Zariski dense representation. Denote the weighted completion of Γ and Γ̂ with
respect to ρ and ρ ◦ φ by G and Ĝ, respectively. Denote the unipotent completion
of π by P .
5This is the “right choice” because the standard representation of Gm corresponds to Qℓ(1),
which has weight −2.
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Proposition 6.11. Suppose that the Γ-action on H1(π) induces a G-action on
H1(P) and that the corresponding weight filtration on H1(P) has finite dimensional
graded quotients which vanish in weights r ≥ 0. If P has trivial center, then the
sequence of completions
1 // P // Ĝ // G // 1
is exact.
Proof. Denote the Lie algebra of P by p. Since the action of G on H1(P) is induced
by the conjugation action of Γ̂ on π, it follows that the conjugation action of Γ̂ on π
induces an action of Ĝ on H1(P) = H1(p). Since this action is negatively weighted,
it follows that the action of Γ̂ on p induced by conjugation induces a negatively
weighted action of Ĝ on p.
Right exactness of weighted completion implies that the sequence
P → Ĝ → G → 1
is exact. Since p is negatively weighted and since each weight graded quotient of
H1(p) is finite dimensional, each p/Wrp is finite dimensional and the group AutW p
of W• preserving automorphisms of p is proalgebraic as it is the inverse limit of
the AutW (p/Wr). The conjugation action of Γ̂ on π induces a homomorphism
Ĝ → AutW p such that the diagram
π //

Γ̂
 %%LL
LL
LL
LL
LL
LL
P(Qℓ) // Ĝ(Qℓ) // (Aut p)(Qℓ)
commutes. Since P has trivial center, the adjoint action P → Aut p is injective,
which implies that P → Ĝ is injective. 
7. Weighted Completion and Families of Curves
Suppose that k is a field of characteristic zero and that C → T is a family of
smooth projective curves of genus g ≥ 2 over a smooth, geometrically connected
k-scheme T , or the generic point of a such a k-scheme. Let ηT be a geometric point
of T and ηC a geometric point of C that lies over ηT . Denote the fiber of C over
ηT by Cη. Fix a prime number ℓ. Set
H = HQℓ = H
1
e´t(Cη,Qℓ(1))
and let R be the Zariski closure of the image of the monodromy representation
π1(T, ηT )→ GSp(HQℓ).
Assume that R contains the homotheties.6 Then one has the central cocharacter
(4) ω : Gm → R z 7→ z
−1 idH ,
which shall call the standard cocharacter.7
The surjectivity of π1(C, ηC)→ π1(T, ηT ) implies that the monodromy represen-
tation π1(C, ηC) → R(Qℓ) is also Zariski dense. Denote the weighted completions
6A theorem of Bogomolov [3] implies that this is always the case when k is a number field.
7This is the “correct” definition as H has weight −1.
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of π1(C, ηC) and π1(T, ηT ) with respect to ω and their monodromy representations
to R by GC and GT , respectively; denote their prounipotent radicals by UC and UT ,
respectively.
The surjectivity of π1(C ⊗k k, ηC)→ π1(T ⊗k k, ηT ) implies that their images in
R(Qℓ) are equal. Their common Zariski closure is a reductive subgroup R
geom of
R. Denote the continuous relative completions of π1(C⊗k k, ηC) and π1(T ⊗k k, ηT )
with respect to their homomorphisms to Rgeom(Qℓ) by G
geom
C and G
geom
T , and their
prounipotent radicals by UgeomC and U
geom
T .
Finally, set π = π1(Cη). Denote by π
un its continuous unipotent completion
πun/Qℓ over Qℓ.
Proposition 7.1. With the notation above:
(i) There are exact sequences
1→ πun → GC → GT → 1 and 1→ π
un → GgeomC → G
geom
T → 1
of proalgebraic Qℓ-groups such that the diagram
1 // π1(Cη) //

$$J
JJ
J
π1(C ⊗k k, η) //

''OO
OO
O
π1(T ⊗k k, η) //

''NN
NN
N
1
1 // π1(Cη) //

π1(C, η) //

π1(T, η) //

1
1 // πun(Qℓ) //
%%J
JJ
J
GgeomC (Qℓ)
//
''OO
OO
O
GgeomT (Qℓ)
//
''OO
OO
O
1
1 // πun(Qℓ) // GC(Qℓ) // GT (Qℓ) // 1
commutes.
(ii) Every section s of π1(C, η) → π1(T, η) induces a sections σ of GC → GT
and σgeom of GgeomC → G
geom
T such that the diagram
π1(C ⊗k k, η
′)

''PP
PP
P
π1(T ⊗k k, η)

soo
''OO
OO
O
π1(C, η
′)

π1(T, η)

soo
GgeomC (Qℓ)
''PP
PP
P
GgeomT (Qℓ)
''OO
OO
O
σgeomoo
GC(Qℓ) GT (Qℓ)
σoo
commutes.
Sketch of Proof. Exactness of the row containing GC follows from Proposition 6.11
and the fact [34] that πun has trivial center as H1(π
un) is a GC module of weight
−1. The exactness of the row containing GgeomC follows from the right exactness of
relative completion and the fact that the composite πun → GgeomC → GC is injective.
Since GC is a negatively weighted extension of R, the composition π1(T, x) →
π1(C, x
′) → GC(Qℓ) of ρˆC with s induces a homomorphism σ : GT → GC . The
universal mapping property of GT implies that it is a section. 
Denote the Lie algebras of
R, GC , GT , UC , UT , π
un by r, gC , gT , uC , uT , p,
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respectively. All are representations of GC . So, by Proposition 6.6, these all have
natural weight filtrations which are characterized by the property that their mth
graded quotient is an R-module of weight m. Moreover, p =W−1p and, for X = T
and C
gX =W0gX , W−1gX = uX and Gr
W
0 gX
∼= r.
Corollary 7.2. There is an exact sequence
0→ GrW• p→ Gr
W
• gC → Gr
W
• gT → 0
of graded Lie algebras in the category of R-modules. Each section of π1(C, ηC) →
π1(T, ηT ) induces an R-linear section of Gr
W
• gC → Gr
W
• gT .
Proof. Proposition 7.1 implies that the sequence
0→ p→ gC → gT → 0
of Lie algebras is an exact sequence of GC -modules. The result follows from the
fact that the functor GrW• is exact on the category of GC -modules. The statement
about sections follows similarly. 
7.1. Weighted completion of Galois groups of function fields. Suppose that
T is a smooth, geometrically connected variety over a field k and that C → T is a
family of smooth projective curves over T . Set K = k(T ). Let η be a geometric
point of C that lies over the generic point of T .
Denote the restriction of C to the Zariski open subset U of T by CU . Denote
the restriction of C to the generic point SpecK of T by CK . The image of
ρU : π1(CU , η)→ π1(U, η)→ GSp(HQℓ)
does not depend on U . Denote its Zariski closure by R. Assume that this contains
the scalar matrices so that the image of the standard cocharacter (4), ω : z 7→
z−1 idH , is defined. Denote the weighted completion of π1(CU , η) with respect to
ρU : π1(CU , η) → R(Qℓ) by GC/U . Denote the weighted completion of π1(U, η) by
GU . Then one has the morphism of inverse systems
{GC/U}U → {GU}U .
Denote the weighted completion of π1(CK , η) with respect to ρK : π1(CK , η) →
R(Qℓ) by GC/K , and the weighted completion ofGK with respect to the monodromy
representation GK → GSp(H) by GK .
Proposition 7.3. There are natural isomorphisms
GC/K
≃
−→ lim
←−
U
GC/U and GK
≃
−→ lim
←−
U
GU
such that the diagram
π1(CK , η)

≃ // lim
←−U
π1(CU , η)

GC/K(Qℓ)
≃ // lim
←−U
GC/U (Qℓ)
commutes. Each section of π1(CK , η)→ GK induces a section of GC/K → GK .
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Proof. This follows from Proposition 6.8 and the fact that the natural homomor-
phisms
lim
−→
U
H•(π1(CU , η), V )→ H
•(π1(CK , η), V ), lim−→
U
H•(π1(U, η), V )→ H
•(GK , V )
are isomorphisms for all finite dimensional R-modules V . The statement about
sections follows from the naturality of weighted completion. 
8. Weighted Completion of Arithmetic Mapping Class Groups
In this section we summarize and extend results from [23]. Throughout this
section, g, n and m are non-negative integers satisfying 2g− 2+n > 0, and m ≥ 1.
We also assume that k is a field of characteristic zero that contains µm(k), the
mth roots of unity, and we fix a primitive mth root of unity so that one has a
geometrically connected moduli stack Mg,n/k[m].
Fix a geometric point η of Mg,n/k[m] and let Cη be the fiber of the universal
curve over η. For a prime number ℓ and a Zℓ-module A, set
HA = H
1
e´t(Cη, A(1)).
Assume that the image of the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infinite.
This implies that the image of χℓ : Gk → Gm(Qℓ) is Zariski dense. Since the
diagram
1 // π1(Mg,n/k[m], η) //
ρgeom

π1(Mg,n/k[m], η) //
ρ

Gk
χℓ

// 1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1
commutes and since the image of ρgeom is Sp(HZℓ), which is Zariski dense in
Sp(HQℓ), the monodromy representation
ρ : π1(Mg,n/k[m], η)→ GSp(HQℓ)
is Zariski dense.
Now take the coefficient field F to be Qℓ. Denote the weighted completion of
π1(Mg,n/k[m], η) over Qℓ with respect to ρ and the standard cocharacter ω : z 7→
z−1 idH by
GMg,n/k[m] and ρ˜ : π1(Mg,n/k[m], η)→ GMg,n/k[m](Qℓ).
Recall that Ggeomg,n is the relative completion of π1(Mg,n/k[m], η) with respect to its
standard representation to Sp(HQℓ).
Recall from Example 6.10 that Ak denotes the weighted completion of Gk with
respect to the ℓ-adic cyclotomic character χℓ : Gk → Gm(Qℓ). The following
is an easily proved consequence of the right exactness of relative and weighted
completions.
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Proposition 8.1 ([23]). If 2g−2+n > 0, then applying weighted completion to the
two right-hand columns and relative completion to the left-hand column of diagram
1 // π1(Mg,n/k[m], η)

// π1(Mg,n/k[m], η)

// Gk //

1
1 // Sp(HQℓ) // GSp(HQℓ) // Gm(Qℓ) // 1
gives a commutative diagram
Gg,n

// GMg,n/k[m]

// Ak //

1
1 // Sp(H) // GSp(H) // Gm // 1
whose rows are exact.
Like the relative completion of mapping class groups, GMg,n/k[m] does not depend
on the level m when g ≥ 3.
Proposition 8.2. If k is a field of characteristic zero and if g ≥ 3, then for all
m ≥ 1 the natural homomorphism GMg,n/k[m] → GMg,n/k is an isomorphism.
Proof. This is a brief sketch. Complete details will appear in [23]. SetM =Mg,n.
Denote the ℓ-adic local system over M that corresponds to the GSp(HQℓ)-module
V by V. The spectral sequence
Hs(Gk, H
t
e´t(Mk,V)) =⇒ H
s+t
e´t (M,V)
and the fact that the map Hje´t(M/k,V)→ H
j
e´t(M/k[m],V) is an isomorphism when
j ≤ 1 and injective when j = 2 implies that Hje´t(M,V)→ H
j
e´t(M[m],V) is also an
isomorphism when j ≤ 1 and injective when j = 2. Proposition 6.8 implies that for
all GSp(H)-modules V the columns of the commutative diagram
HomGSp(H)(Hj(uM), V )

// HomGSp(H)(Hj(uM[m]), V )

Hj(M,V) // Hj(M[m],V)
are isomorphisms when j = 1 and injective when j = 2. This implies that
Hj(uM[m]) → Hj(uM) is an isomorphism when j = 1 and surjective when j = 2.
The discussion of minimal presentations of pronilpotent Lie algebras in Section 6.5
implies that uM[m] → uM is an isomorphism.
8

Remark 8.3. The map Ggeomg,n → GMg,n/k should be injective when g ≥ 3. It is not
injective when g = 1. This issue is considered in [23] where it is related to the
crystallinity of the action of Gk on g
geom
g,n when g ≥ 2.
When the field k is clear from context, we will denote GMg,n/k by Gg,n and its
prounipotent radical by Ug,n. Recall that U
geom
g,n denotes the prounipotent radical of
Ggeomg,n . Denote the Lie algebras of Ug,n and U
geom
g,n by ug,n and u
geom
g,n , respectively.
8The last step is the analogue of Stalling’s criterion [40] for pronilpotent Lie algebras. It follows
directly from the discussion of minimal presentations of pronilpotent Lie algebras in Section 6.5.
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Since ug,n is a Gg,n-module (via the adjoint action) it has a natural weight filtration.
Although it is not immediately obvious, ugeomg,n also has a natural weight filtration.
Proposition 8.4 ([23]). If 2g−2+n > 0, then the natural action of π1(Mg,n/k, η)
on π1(Mg,n/k, η) induces an action of Gg,n on g
geom
g,n . That is, g
geom
g,n and u
geom
g,n are
pro-objects of the category of Gg,n-modules and thus have natural weight filtrations.
Remark 8.5. We will be appealing to computations in [15] where a weight filtration
on ggeomg,n is constructed using Hodge theory. The weight filtration on g
geom
g,n used
in this paper is constructed using weighted completion. In order to apply the
computations of [15] in this paper, we need to know that these two constructions
of the weight filtration agree. General results imply that this is the case. However,
in the present situation, a direct argument can be given when g ≥ 3. The starting
observation is that in both constructions H1(p) has weight −1. The exactness
of GrW• then implies that W−rp is the rth term of its lower central series, which
implies that the two constructions of the weight filtration of p agree. In both
constructions, ugeomg,n = W−1g
geom
g,n for all n ≥ 0. Thus, to prove equality of the two
constructions, it suffices to show that they agree on ugeomg,n . When g ≥ 3, Johnson’s
computation of the abelianization of the Torelli group [26] implies that the map
H1(ug,1) → Gr
W
−1Der p is an isomorphism. This implies that H1(ug,1) is pure of
weight −1 in both constructions. The injectivity of the natural map
H1(ug,n)→ H1(ug,1)
⊕n
induced by Mg,n → (Mg,1)
n when n > 1, and the surjectivity of H1(ug,1) →
H1(ug) imply that H1(ug,n) is also pure of weight −1 for all n ≥ 0. The exactness
of GrW• now implies that W−rug,n is the rth term of the lower central series of ug,n
for all n ≥ 0. The two construction therefore agree.
8.1. Variants. The constructions and results above extend to other moduli spaces.
Here we consider one, namely the nth power of the universal curve Cng/k[m] over
Mg/k[m]. Others will be constructed in subsequent sections, as needed. As above,
one has the homomorphism
ρ : π1(C
n
g/k[m], η)→ GSp(HQℓ)
which is Zariski dense. Denote the weighted completion of π1(C
n
g/k[m], η) with
respect to ρ and ω by GCn
g/k
[m]. As in the case ofMg,n/k[m], it does not depend on
m when g ≥ 3. We will henceforth denote it by Ĝg,n and its prounipotent radical
by Ûg,n. Denote their Lie algebras by gˆg,n and uˆg,n, respectively.
We will denote the completion of π1(C
n
g/k
[m], η) with respect to the natural
homomorphism to Sp(HQℓ) by Ĝ
geom
g,n . It too is independent of m when g ≥ 3.
The inclusionMg,n/k[m]→ C
n
g/k[m] induces a homomorphism Gg,n → Ĝg,n. And
one has the commutative diagram
Ggeomg,n //

Gg,n //

Ak // 1
Ĝgeomg,n
// Ĝg,n // Ak // 1
with exact rows.
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8.2. Basepoints. Observe that Mg,n/k is a Zariski open subset of C
n
g/k. Denote
their common generic point by η and let η to be a geometric point that lies over it.
Denote the image of η in Mg/k by ηo and the image of η in Mg,1/k under the jth
projectionMg,n/k →Mg,1/k by xj .
Denote the fiber of the universal curve over ηo by C. It has the n-rational
points x1, . . . , xn. The fiber of the projection C
n
g/k →Mg/k over ηo is C
n and has
basepoint xη := (x1, . . . , xn) ∈ C
n. The natural map Cng/k → (Mg,1/k)
n takes the
basepoint η of Cng/k to the basepoint xη of (Mg,1/k)
n.
8.3. Exactness. The “fat diagonal” ∆ of Cn is the union of the divisors ∆ij , where
∆ij := {(u1, . . . , un) : ui = uj , i 6= j}.
Observe that xη ∈ C
n − ∆. The maps Mg,n/k → C
n
g/k → (Mg,1/k)
n induce a
commutative diagram
1 // π1(Cn −∆,xη) //

π1(Mg,n/k, η) //

π1(Mg/k, ηo) // 1
1 //
∏n
j=1 π1(C, xj) // π1(C
n
g/k, η)

// π1(Mg/k, ηo)
diag

// 1
1 //
∏n
j=1 π1(C, xj) //
∏n
j=1 π1(Mg,1/k, xj) // π1(Mg/k, ηo)
n // 1
with exact rows.9 Denote π1(C
n−∆,xη) by πg,n and the Lie algebra of its unipotent
completion over Qℓ by pg,n. Denote the Lie algebra of π1(C, xj)
un by pj and the
Lie algebra of π1(Mg,1/k, xj) by g
(j)
g,1.
Observe that the weight graded quotients of gg,n and gˆg,n are Sn × GSp(H)-
modules, where the Sn-action is induced by action of Sn on C
n
g/k that permutes the
n points.
Proposition 8.6. Suppose that g ≥ 2. After applying weighted completion to this
diagram, we obtain the commutative diagram
0 // pg,n //

gg,n //

gg // 0
0 //
⊕n
j=1 pj
// gˆg,n //

gg
diag

// 0
0 //
⊕n
j=1 pj
//⊕n
j=1 g
(j)
g,1
// (gg)n // 0
with exact rows. After applying GrW• , the rows are exact sequences of Sn×GSp(H)-
modules. Moreover, the same statements holds with g replaced by ggeom in the
diagram.
9The exactness of both rows is follows from the fact that the center of π1(Cn−∆,xη) is trivial
for all n ≥ 1 when g ≥ 2. The argument in the profinite case uses [1] and is essentially identical
with the argument in the discrete case, which can be found in [2, Lem. 4.2.2].
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Sketch of Proof. The conjugation action of π1(Mg,n/k, η) on π1(C
n − ∆,xη) in-
duces induces an action of Gg,n on H1(pg,n) which has weights −1 and −2, and
is therefore negatively weighted. The exactness of the first row now follows from
Proposition 6.11 as pg,n has trivial center [34, p. 201]. The corresponding statement
with g replaced by ggeom follows from the right exactness of relative completion and
because the composite pg,n → gˆ
geom
g,n → gˆg,n is injective.
Right exactness of relative and weighted completion implies that the second row
is right exact. To prove that it is exact, we use the map rj : C
n
g →Mg,1 defined by
rj : (x1, . . . , xn)→ xj . It induces a commutative diagram⊕n
j=1 pj
//
prj

gˆg,n //

gg // 0
0 // pj // gg,1 // gg // 0
where prj denotes projection onto the jth factor. Proposition 7.1 implies that the
bottom row of this diagram is exact. It follows that the top row of this diagram
(i.e., the second row of the diagram in the statement) is left exact.
The exactness of the third row is a consequence of the exactness of the first row
of the diagram in the case n = 1. 
Recall that for a fixed curve C, the GrW• pj are naturally isomorphic. Denote
their common value by GrW• p.
The computations in [15, §12] imply directly that GrW−1 pg,n is the Sn×GSp(H)-
module Hn. They also imply that GrW−2 pg,n → (Gr
W
−2 p)
n is surjective with kernel
isomorphic to
⊕
i<j Qℓ(1), where the ijth factor is generated by the logarithm
10
of a loop that encircles the ijth diagonal ∆ij . Combined with the previous result,
this gives:
Lemma 8.7. If g ≥ 3, then
GrWr ug,n → Gr
W
r uˆg,n and Gr
W
r u
geom
g,n → Gr
W
r uˆ
geom
g,n
are isomorphisms when r = −1 and is surjective when r = −2, both with kernel
isomorphic to the Sn × GSp(H)-module
⊕
i<j Qℓ(1), where Sn acts by permuting
the factors.11
Suppose that n ≥ 1. Set π := π1(Cη, x1). Define p to be the Lie algebra of
πun. Then π1(Mg,n/k[m], η) acts on π via the first projection π1(Mg,n/k[m], η)→
π1(Mg,1/k[m], x1). This induces an action of Gg,n on p, so that p also has a natural
weight filtration. This action induces a Lie algebra homomorphism gg,n → Der p
which preserves the weight filtration as it is Gg,n-equivariant.
Proposition 8.8. If g ≥ 3, the homomorphism ug,1 → Der p induces natural
homomorphisms
GrW• u
geom
g,1 → Gr
W
• ug,1 → Gr
W
• Der p
∼= DerGrW• p.
of Lie algebras in the category of GSp(H)-modules. For all n ≥ 0, the natural map
GrW−1 u
geom
g,n → Gr
W
−1 ug,n
10Every element of a prounipotent group over a field of characteristic zero has a unique
logarithm.
11In case there is any confusion, the transposition (i, j) acts trivially on the ijth factor.
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is an isomorphism. In weight −2 there is a short exact sequence
0→ GrW−2 u
geom
g,n → Gr
W
−2 ug,n → H
1(Gk,Qℓ(1))
∗ ⊗Qℓ(1)→ 0.
Proof. Right exactness of weighted completion and the exactness of GrWm imply
that the sequence
GrWr u
geom
g,n → Gr
W
r gg,n → Gr
W
r ak → 0
is exact for all r. Recall from Example 6.10 that
GrWm ak =
{
0 r = −1
H1(Gk,Qℓ(1))
∗ ⊗Qℓ(1) r = −2.
The map GrWr u
geom
g,n → Gr
W
r ug,n is therefore surjective when r = −1 and has
cokernel H1(Gk,Qℓ(1))
∗ ⊗Qℓ(1) when r = −2.
The computations in [15, Sects 9, 10] imply that the homomorphism
GrWr u
geom
g,1 → DerGr
W
r p
is an isomorphism when r = −1 and injective when r = −2. This completes the
proof of the result when n ≤ 1.
When n > 1, Proposition 8.6 and the n = 1 case imply that GrWr uˆ
geom
g,n →
GrWr uˆg,n is injective. The result now follows from Lemma 8.7. 
9. Generators and Relations
The proofs of our main results make essential use of the of the structure of
GrW• u
geom
g,n /W−3 as a graded Lie algebra in the category of Sn ×GSp(H)-modules.
In this section we compute presentations of these Lie algebras. These results are
refinements and elaborations of computations in [15, Sects. 11 & 13].
9.1. Representations of Sp(H) and GSp(H). This is a quick review of the rep-
resentation theory of GSp(H) over Q, which is needed in subsequent sections. A
good reference is the book [8] of Fulton and Harris. Throughout H is a finite di-
mensional Q-vector space which is endowed with a unimodular, skew symmetric
bilinear, GSp(H)-invariant bilinear form θ : H ⊗ H → Q(1). Since both groups
are split over Q, all of their irreducible representations are absolutely irreducible.
The representations of GSp(H) and Sp(H) over a field F of characteristic zero are
obtained from their representations over Q by extension of scalars.
The standard cocharacter ω : z 7→ z−1 idH assigns a weight w(V ) to each irre-
ducible GSp(H)-module V . The defining representation H has weight −1, which
implies that H⊗r has weight −r. As we recall below, the irreducible GSp(H) mod-
ules are constructed from H⊗r using the symplectic form θ : H⊗2 → Q(1) and the
action of the symmetric group Sr, which acts on H
⊗r by permuting the factors.
Recall from Section 4.1 that Q(r) denotes the 1-dimensional representation of
GSp(H) with character τr : GSp(H) → Gm. Since the composite of the character
τ : GSp(H)→ Gm with the standard cocharacter
Gm
ω
−→ GSp(H)
τ
−→ Gm
is x 7→ x−2, Q(r) has weight −2r. For any GSp(H)-module V , set
V (r) = V ⊗Q(r).
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We will call this a “Tate twist” of V . If V has weight w, then V (r) has weight
w − 2r.
For 1 ≤ i < j ≤ r, define θij : H
⊗r → H⊗(r−2)(1) to be the map
θij : x1 ⊗ · · · ⊗ xr 7→ θ(xi, xj)x1 ⊗ · · · ⊗ x̂i ⊗ · · · ⊗ x̂j ⊗ · · · ⊗ xn
that contracts the ith and jth factors using θ. Set
H〈r〉 =
⋂
i<j
ker θij .
This is a GSp(H)× Sr submodule of H
⊗r.
The isomorphism classes of irreducible Sr-modules are parametrized by parti-
tions
λ = [λ1, λ2, . . . , λs]
of r into s ≤ r parts, where λ1 ≥ λ2 ≥ · · · ≥ λs > 0. Define |λ| by
|λ| := r = λ1 + λ2 + · · ·+ λs.
To see how a partition λ of r gives a GSp(H)-module, choose an irreducible Sr-
module Wλ that corresponds to the partition λ and a non-zero element wλ of it.
Set SλH = HomSr (Wλ, H
⊗r). This is a GSp(H)-module which we will identify
with the image of the map HomSr(Wλ, H
⊗r)→ H⊗r that takes φ to φ(wλ). Define
Hλ = S
λH ∩H〈r〉.
This is a GSp(H)-module of weight −|λ|. Note that Hλ(r) has weight −|λ| − 2r.
Set g = dimH/2. The basic general facts we need from representation theory are
summarized in the following result, which can be deduced from standards results,
such as those presented in [8].
Theorem 9.1. The representations Hλ(r), where r ∈ Z and λ is a partition of
a non-negative integer into ≤ g parts, is a set of representatives of the isomor-
phism classes of the irreducible GSp(H)-modules. Each remains irreducible when
restricted to Sp(H); every irreducible Sp(H)-module arises in this way. Two ir-
reducible GSp(H)-modules Hλ(r) and Hλ′(r
′) are isomorphic as Sp(H)-modules if
and only if λ = λ′.
9.2. A presentation of GrW• p. Here p denotes the Lie algebra of the unipotent
completion of the fundamental group of a smooth complex projective curve of genus
g ≥ 1. Its natural weight filtration is defined over Q as W−rp is the rth term of its
lower central series. We recall the presentation of GrW• p. Recall that θˇ is a map
Q(1) → Λ2H . It will be regarded as a map θˇ : Q(1) → L2(H) via the canonical
identification L2(H) ∼= Λ
2H . The next result follows directly from a fundamental
result of Labute [32]. It also follows from Hodge theory via the main result of [5]
or by the more motivic argument in [15, Thm. 5.8].
Proposition 9.2. If g ≥ 1, then the weight filtration of p equals its lower central
series. There is a natural GSp(H)-equivariant Lie algebra isomorphism
GrW• p
∼= L(H)/(im θˇ).
Inner automorphisms act trivially on this isomorphism, so that it does not depend
on the choice of a basepoint.
A direct computation using the method of [15, §8] and the fact (cf. [30, (4.1)])
that H•(GrW• p)
∼= H•(π,Q) yields:
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Corollary 9.3. If g ≥ 1 and 1 ≤ r < 6, then (GrW−r p)
Sp(H) = 0.
Proof. When g = 1, p is abelian and the result is trivially true. Suppose that
g ≥ 2. The trivial Sp(H)-module can occur in GrW−r p only when r is even. So
we need to check that there are no copies of the trivial representation in GrW−2 p
and GrW−4 p. The proof of [15, Prop. 8.4] implies that for all g ≥ 2, Gr
W
−1 p = H ,
GrW−2 p = Λ
2H/ im θˇ, and that GrW−3 p is the irreducible Sp(H)-module that is the
highest weight part ofH⊗Λ2H , which is isomorphic toH[2,1]. Each is an irreducible
Sp(H)-module. The case r = 2 follows. When r = 4, [15, Cor. 8.3] implies that
[GrW−4 p] = [Gr
W
−1 p⊗Gr
W
−3 p] + [Λ
2GrW−2 p]− [Gr
W
−2 p⊗ Λ
2GrW−1 p] + [Λ
4GrW−1 p]
in the representation ring12 of Sp(H). Schur’s Lemma implies that the first two
terms do not contain a copy of the trivial representation and that the third term
contains one. The decomposition
Λ4H ∼=

H[14] ⊕H[12] ⊕Q g ≥ 4,
H[12] ⊕Q g = 3,
Q g = 2,
into irreducible Sp(H) modules implies that the fourth term contains one copy of
the trivial representation. The result follows. 
The same method can be used to show that dim(GrW−6 p)
Sp(H) = 1 for all g ≥ 2.
9.3. Frequently used GSp(H)-modules. Several GSp(H)-modules play a signif-
icant role in this paper. All are of weight −1 or −2 and are Tate twists of the rep-
resentations that correspond to the partitions [1], [12] := [1, 1], and [13] := [1, 1, 1].
We first define integral models of each as we will need them in the genus 3 case.
The form θ will be a unimodular, skew-symmetric bilinear form on HZ and gives
rise to a GSp(H)-equivariant mapping Λ2HA → A(1) for all commutative rings A.
The dual form θˇ, defined in Section 4.1, will be regarded both as an equivariant
map θˇ : A(1)→ Λ2HA and as an element of Λ
2HA(−1). Set
Λ20HA := Λ
2HA/ im θˇ and Λ
3
0HA := (Λ
3HA)(−1)/θˇ ∧HA.
When A is a field of characteristic zero, Λ20HA and Λ
3
0HA are the irreducible
GSp(H)-modules H[12] and H[13](−1). These have weights −2 and −1, respec-
tively.
Lemma 9.4. If A is an integral domain of characteristic zero, then the short exact
sequence
(5) 0 // A(1)
θˇ // Λ2HA // Λ
2
0HA
// 0
of GSp(HA)-modules splits if and only if g ∈ A
×. The short exact sequence
(6) 0 // HA
θˇ∧ //
(
Λ3HA
)
(−1) // Λ30HA
// 0
of GSp(HA)-modules splits if and only if g − 1 ∈ A
×.
12The class of the G-module V in the representation ring of G is denoted by [V ].
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Proof. We will prove the lemma for the exact sequence (6). The proof for exact
sequence (5) is similar and is left to the reader. The map c : Λ3HA → HA(1)
defined by
c : x ∧ y ∧ z 7→ θ(x, y)z + θ(y, z)x+ θ(z, x)y
is GSp(HA)-equivariant. Its composition c◦j with the inclusion j : HA(1) →֒ Λ
3HA
is (g − 1) times the identity of HA(1). If g − 1 ∈ A
×. Thus c/(g − 1) splits (6)
twisted by A(1).
Suppose now that s : Λ3HA(−1)→ HA is a splitting of (6). Denote the fraction
field of A by F . Since F has characteristic zero, HF and Λ
3
0HF are irreducible
GSp(HF )-modules and the splitting of (6)⊗AF is unique, and so must be c/(g−1).
This, and the fact that A is a domain, imply that s = c/(g − 1). Since θ is
unimodular, the image of c/(g − 1) : Λ3HA(−1) → HF is contained in HA if and
only if g − 1 ∈ A×. 
The lemma implies that for all fields F of characteristic zero
Λ2HF ∼= A(1)⊕ Λ
2
0HF and
(
Λ3HF
)
(−1) ∼= HF ⊕ Λ
3
0HF
We fix these isomorphisms to be the ones given by the unique GSp(H)-invariant
splittings of the sequences in the lemma above. From this point on, we will write
H instead of HF when F is a field of characteristic zero. The default field of
characteristic zero in this section will be Q. In later sections it will be Qℓ.
Another representation that will occur, but which plays a minor role, is
V⊞ := H[2,2](−1),
which has weight −2. The representation H[2,2] is the highest weight part of the
second symmetric power of Λ20H .
Kabanov’s stability result [27] implies that when g ≥ 6 the decomposition of
Λ2Λ30H is independent of g in the sense described in [15, §6]. Because of this, one
can compute this decomposition for all g ≥ 6 by computing it when g = 6. The
following computations were made using the computer program LiE.
Proposition 9.5 (cf. [15, Lem. 10.2]). If g ≥ 3, then each irreducible GSp(H)
module that occurs in Λ2Λ30H occurs with multiplicity one. When g = 3,
Λ2(Λ30H) = Q(1)⊕ V⊞;
when g ≥ 4,
Λ2(Λ30H) ⊃ Q(1)⊕ Λ
2
0H ⊕ V⊞.
Moreover, the representation H⊗Λ30H contains a unique copy of Λ
2
0H for all g ≥ 3.
9.4. Presentation of GrW• u
geom
g,1 /W−3. The Lie algebra Gr
W
• u
geom
g,1 /W−3 can be
computed by considering its action on GrW• p.
Our first task is to determine GrW• Der p/W−3. Fix a field F of characteristic
zero. Denote the free Lie algebra generated by the F -vector space V by L(V ).
The free Lie algebra L(V ) is graded by bracket length:
L(V ) ∼=
⊕
n≥1
Ln(V ).
Observe that the derivation Lie algebra DerL(H) is isomorphic to HomF (H,L(H))
and is also graded:
DerL(H) =
⊕
n≥0
Dern L(H),
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where Dern L(H) := Hom(H,Ln+1(H)). Observe that there are natural GSp(H)-
actions on L
(
(Λ3H)(−1)
)
and DerL(H). The following fact is well-know, but we
prove it because of its importance in this paper. First note if x, y ∈ H , then
θ(x, y)θˇ ∈ Λ2H .
Lemma 9.6. If g ≥ 2, there is a natural GSp(H)-equivariant, graded Lie algebra
homomorphism
δ˜ : L
(
(Λ3H)(−1)
)
→ DerL(H)
such that
(i) δ˜(u) annihilates the image of θˇ for all u ∈ L
(
(Λ3H)(−1)
)
;
(ii) δ˜(x ∧ θˇ) = adx−θ(x, )θˇ for all x ∈ H.
Moreover
im
{
L2
(
(Λ3H)(−1)
)
→ Hom(H,L3(H))
}
∼= V⊞ ⊕ Λ
2
0H ⊕ F (1).
Proof. It suffices to define a GSp(H)-equivariant linear mapping
Λ3H →
[
Der1 L(H)
]
(1) = Hom(H,L2(H)(1)).
This homomorphism is defined by
(7) δ˜ : x ∧ y ∧ z : u 7→ θ(u, x)[y, z] + θ(u, y)[z, x] + θ(u, z)[x, y].
The identities are easily verified. 
Since each element of L
(
(Λ3H)(−1)
)
annihilates im θˇ ∈ L2(H), δ˜ induces a
GSp(H)-equivariant graded Lie algebra homomorphism
δ : L
(
(Λ3H)(−1)
)
→ DerGrW• p.
Theorem 9.7 ([15, Cor. 5.7 and §11]). If g ≥ 3, then there is a Lie algebra
surjection
q : L
(
(Λ3H)(−1)
)
→ GrW• u
geom
g,1
such that the diagram
L
(
(Λ3H)(−1)
) q //
δ $$I
II
II
II
II
GrW• u
geom
g,1
||yy
yy
yy
yy
GrW• Der p
commutes. It induces isomorphisms
(8) GrWr u
geom
g,1
≃
−→ GrWr Der p
∼=
{
(Λ3H)(−1) r = −1,
V⊞ ⊕ Λ
2
0H r = −2.
The isomorphism GrW−1Der p
∼= Λ3H(−1) when g ≥ 3 is a manifestation of
the Johnson homomorphism [26]. It is induced by the homomorphism (7). The
composition of δ with inclusion i : H →֒ (Λ3H)(−1) defined by x 7→ x ∧ θˇ takes
x ∈ H to the inner derivation adx of p. Identify the copy of Λ
2
0H in Gr
W
−2Der u
geom
g,1
with the image of the mapping
Λ2H
Λ2i // Λ2
(
(Λ3H)(−1)
) bracket // GrW−2 ugeomg,1 .
induced by the bracket.
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Since the isomorphisms (8) factor through the map GrWr u
geom
g,1 → Gr
W
r ug,1, we
conclude:
Corollary 9.8. If g ≥ 3, then GrWr u
geom
g,1 → Gr
W
r ug,1 is injective when r = −1,−2.
We also need to understand the bracket
(9) Λ2GrW−1 u
geom
g,1 → Gr
W
−2 u
geom
g,1
With respect to the decomposition (Λ3H)(−1) = H ⊕ Λ30H , the bracket has three
components:
(10) Λ2H → GrW−2Der p, H ⊗ Λ
3
0H → Gr
W
−2Der p, Λ
2(Λ30H)→ Gr
W
−2Der p.
Each is GSp(H)-equivariant. These can be computed in DerGrW• p.
Proposition 9.9 ([15, §12]). When g ≥ 3, the images of the three components of
the bracket (9) are:
im
{
Λ2H → GrW−2Der p
}
= Λ20H,
im
{
H ⊗ Λ30H → Gr
W
−2Der p
}
= Λ20H,
im
{
Λ2(Λ30H)→ Gr
W
−2Der p
}
=
{
V⊞ g = 3,
V⊞ ⊕ Λ
2
0H g ≥ 4.
Remark 9.10. The genus 2 story is very different for several reasons, one of which
is that every genus 2 curve is hyperelliptic. On the representation theoretic side
Λ3H ∼= H(1); the image of the homomorphism L(Λ3H(−1)) → Der p is the set of
inner derivations and the image of GrW• u2,1 → Gr
W
• Der p is generated by this and
by the copy of V⊞ in Gr
W
−2Der p.
9.5. Presentations of GrW• uˆ
geom
g,n /W−3 and Gr
W
• u
geom
g,n /W−3. The computations
of the previous section combined with the results of Section 8 yield computations
of GrW• uˆ
geom
g,n /W−3 and Gr
W
• u
geom
g,n /W−3.
Denote the image of u ∈ Λ3H in (Λ30H)(1) by u. For a positive integer n, define
Λ3nH = {(u1, . . . , un) ∈ (Λ
3H)n : u1 = · · · = un}(−1) ∼= Λ
3
0H ⊕H
⊕n
This has weight −1. Note that Λ31H = (Λ
3H)(−1). The following result is proved
later in the section.
Theorem 9.11. If g ≥ 3, then for all n ≥ 0 there are natural Sn × GSp(H)-
equivariant isomorphisms
H1(uˆ
geom
g,n )
∼= H1(u
geom
g,n )
∼= GrW−1 u
geom
g,n
∼= Λ3nH.
There is an exact sequence
0→ Qℓ(1)(
n
2) → GrW−2 u
geom
g,n → Gr
W
−2 uˆ
geom
g,n → 0
of Sn ×GSp(H)-modules and a Sn ×GSp(H)-equivariant isomorphism
GrW−2 u
geom
g,n
∼= V⊞ ⊕
(
Λ20H)
n ⊕Qℓ(1)
(n2)
Our next task is to describe the bracket
bracket : Λ2GrW−1 u
geom
g,n → Gr
W
−2 u
geom
g,n .
We do this by describing its “matrix entries”. To this end, write
GrW−1 u
geom
g,n = Λ
3
nH = Λ
3
0H ⊕H1 ⊕ · · · ⊕Hn
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where the jth copy Hj of H corresponds to the jth point. Write
GrW−2 u
geom
g,n = V⊞ ⊕
⊕
i<j
Qℓ(1)ij ⊕
n⊕
j=1
Λ20Hj .
This isomorphism is chosen so that the bracket
Λ2Hj →֒ Gr
W
−2 u
geom
g,n
proj
→ Λ20Hj
is the quotient mapping and so that
H ⊗H ∼= Hi ⊗Hj →֒ Gr
W
−2 u
geom
g,n
proj
→ Qℓ(1)ij
is the polarization θ. That this is possible follows from [15, §13]. Let
pj : Gr
W
−2 u
geom
g,n → Λ
2
0H, qij : Gr
W
−2 u
geom
g,n → Qℓ(1), p⊞ : Gr
W
−2 u
geom
g,n → V⊞
be the corresponding projections.
Note that
(11) Λ2GrW−1 u
geom
g,n
∼= Λ2Λ30H ⊕
n⊕
j=1
(Hj ⊗ Λ
3
0H)⊕
n⊕
j=1
Λ2Hj ⊕
⊕
i<j
Hi ⊗Hj
Choose GSp(H)-equivariant projections
c : Λ2Λ30H → Λ
2
0H, d : H ⊗ Λ
3
0H → Λ
2
0H,
e : Λ2H → Λ20H, ψ : Λ
2Λ30H → Qℓ(1).
Here, and in the following definition, g ≥ 3 except in the definition of c where
g ≥ 4. Proposition 9.5 implies that each is unique up to a scalar multiple. Denote
the GSp(H)-invariant projections
Λ2GrW−1 u
geom
g,n → Λ
2Λ30H
c
→ Λ20H g ≥ 4
Λ2GrW−1 u
geom
g,n → Hj ⊗ Λ
3
0H
d
→ Λ20H
Λ2GrW−1 u
geom
g,n → Λ
2Hj
e
→ Λ20H
Λ2GrW−1 u
geom
g,n → Hi ⊗Hj
e
→ Λ20H
Λ2GrW−1 u
geom
g,n → Λ
2Hi
θ
→ Qℓ(1)
Λ2GrW−1 u
geom
g,n → Hi ⊗Hj
θ
→ Qℓ(1)
Λ2GrW−1 u
geom
g,n → Λ
2Λ30H
ψ
→ Qℓ(1)(12)
by c, dj , ej , eij , θi, θij and ψ, respectively. For convenience, we define c to be zero
when g = 3. Proposition 9.5 and (11) imply:
Proposition 9.12. If g ≥ 3 and n ≥ 0, then
HomSp(H)(Λ
2GrW−1 u
geom
g,n ,Λ
2
0H)
has basis
{d1, . . . ,dn, e1, . . . , en} ∪ {eij : 1 ≤ i < j ≤ n} g = 3
{c,d1, . . . ,dn, e1, . . . , en} ∪ {eij : 1 ≤ i < j ≤ n} g ≥ 4
and
HomSp(H)(Λ
2GrW−1 u
geom
g,n ,Qℓ)
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has basis
{ψ, θij : 1 ≤ i < j ≤ n} ∪ {θ1, . . . , θn}
for all g ≥ 3.
The bracket of GrW• u
geom
g,n is determined by:
Proposition 9.13. If g ≥ 3, then, after rescaling ψ, c and d by non-zero constants
if necessary,13
pj ◦ bracket = dj + ej g = 3
pj ◦ bracket = c+ dj + ej g ≥ 4
qij ◦ bracket = ψ + θij g ≥ 3.
In addition, p⊞ ◦ bracket is non-zero and vanishes on each Hj ⊗ Λ
3
0H and each
Hi ⊗Hj, where i ≤ j.
The bracket of GrW• uˆ
geom
g,n is obtained by ignoring the Qℓ(1) factors.
Proof of Theorem 9.11 and Proposition 9.13. Lemma 8.7, Theorem 9.7 and Propo-
sition 8.6 imply that
GrW−1 u
geom
g,n
∼= GrW−1 uˆ
geom
g,n
∼= Λ3nH
and that
GrW−2 uˆ
geom
g,n
∼= V⊞ ⊕ (Λ
2
0H)
n and GrW−2 u
geom
g,n
∼= V⊞ ⊕ (Λ
2
0H)
n ⊕Qℓ(1)(
n
2)
The bracket of GrW• uˆ
geom
g,n /W−3 is computed using the homomorphism
GrW• uˆ
geom
g,n → (Gr
W
• uˆ
geom
g,1 )
n
induced by the inclusion Cng/k → (Mg,1/k)
n, which is injective. The computation
of the bracket in this case follows directly from Proposition 9.9. The surjectivity of
ugeomg,n → uˆ
geom
g,n implies that, to compute the bracket in Gr
W
• u
geom
g,n /W−3, we need
only compute the Qℓ(1) component. This is determined by the bracket in Gr
W
• pg,n,
which is computed in [15, §12]. 
10. The Lie Algebra dg,n
In this section we associate a graded, 2-step nilpotent Lie algebra d(uT ) to the
base T of a family of smooth projective curves with Zariski dense monodromy
representation π1(T, to)→ GSp(HQℓ). This Lie algebra is a useful tool for studying
the existence of rational points. When applied to Mg,n/k or C
n
g/k, it gives the Lie
algebra dg,n. The main result of this section is that, when g ≥ 4, sections of the
natural projection dg,n+1 → dg,n correspond exactly to the n tautological sections
of the universal curve over Mg,n/k.
Unless mentioned to the contrary, all Lie algebras in this section will be over the
coefficient field F , which has characteristic zero. The most common choices in this
work are F = Q, Qℓ, C.
13Explicit formulas for these projections can be deduced from the formulas in [15, §11], although
we shall not need them.
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10.1. The functor d and the Lie algebra dg,n. Suppose that G is an extension
of GSp(H) by a prounipotent group that is negatively weighted with respect to the
standard cocharacter ω, such as Gg,n.
For a Lie algebra u in the category of G-modules, define d(u) to be the Lie algebra
d(u) =
(
GrW• (W−1u/W−3)
)
/(Λ20H)
⊥
where (Λ20H)
⊥ denotes the GSp(H)-invariant complement in GrW−2 u of its Λ
2
0H-
isotypical component. It is a two-step, graded, nilpotent Lie algebra in the category
of GSp(H)-modules whose rth graded quotient is
d(u)r

GrW−1 u r = −1,
GrW−2 u/(Λ
2
0H)
⊥ r = −2,
0 r 6= −1,−2.
Definition 10.1. Suppose that g ≥ 3 and n ≥ 0. Define dg,n = d(u
geom
g,n ). This is
a Lie algebra in category of Sn ×GSp(H)-modules.
This satisfies
(dg,n)r =
{
Λ3nH r = −1,
(Λ20H)
n r = −2.
Note also that dg,0 is an abelian Lie algebra isomorphic to Λ
3
0H .
Proposition 8.8 implies that for all g ≥ 3 and n ≥ 0, the natural map ugeomg,n →
ug,n induces an Sn ×GSp(H)-equivariant Lie algebra isomorphism
(13) dg,n = d(u
geom
g,n )
∼= d(ug,n).
Denote the universal complete curve over Mg,n/k by Cg,n/k. This is a Zariski
open subset of the (n + 1)st power Cn+1g/k of the universal curve over Mg/k. Index
the copies of the universal curve by integers j between 0 and n. Label the points so
that the projection Cg,n/k → Mg,n/k takes [C;x0, . . . , xn] to [C;x1, . . . , xn]. This
projection is Sn-equivariant, where Sn acts by permuting the points {x1, . . . , xn}.
Note that Mg,n+1/k is a Zariski open subset of Cg,n/k. A useful property of the
functor d, which is proved below, is that, when g ≥ 3, the inclusionMg,n+1 →֒ Cg,n
induces an isomorphism on d(u).
Choose a geometric point η of Mg,n+1/k. Assume that χℓ : Gk → Z
×
ℓ has
infinite image. Denote the Lie algebra of the weighted completion of π1(Cg,n/k, η)
with respect to the monodromy representation to GSp(H) by gCg,n and the Lie
algebra of its prounipotent radical by uCg,n . Denote the Lie algebra of the relative
completion of π1(Cg,n/k, η) by g
geom
Cg,n
and the Lie algebra of its prounipotent radical
by ugeomCg,n .
Proposition 10.2. If g ≥ 3 and n ≥ 0, then the inclusion Mg,n+1 →֒ Cg,n/k
induces GSp(H)-equivariant Lie algebra isomorphisms
dg,n+1 := d(u
geom
g,n+1)
∼= d(ug,n+1) ∼= d(u
geom
Cg,n
) ∼= d(uCg,n)
The first isomorphism is Sn+1-equivariant; the remaining two isomorphisms are
Sn-equivariant.
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Proof. We first prove the arithmetic case. Consider the diagram
Mg,n+1
  //
π′ $$J
JJ
JJ
JJ
JJ
Cg,n
π

Mg,n
where π and π′ both take (x0, . . . , xn) to (x1, . . . , xn). The fiber of π
′ is an n-
punctured curve. Choose compatible basepoints for all three spaces. Denote the
unipotent completion of the fiber of π′ over the basepoint ofMg,n by p
′. Then one
has the commutative diagram
0 // p′ //

ug,n+1 //

ug,n // 0
0 // p // uCg,n // ug,n // 0
whose vertical maps are surjective. Exactness of the second row follows from Propo-
sition 7.1; exactness of the first row follows from Proposition 6.11 because p′ is free
and therefore has trivial center, and because H1(p) has weights −1 and −2. The
diagram implies that
GrW−2 ker{ug,n+1 → uCg,n} = Gr
W
−2 ker{p
′ → p} ∼= Qℓ(1)
n−1.
from which it follows that d(uCg,n)
∼= d(ug,n+1) ∼= dg,n+1. The proof that d(u
geom
Cg,n
) ∼=
d(ugeomg,n+1) is similar and is left to the reader. The result now follows from (13). 
Corollary 10.3. Each section x of the universal curve π : Cg,n/k →Mg,n/k induces
a well defined section of dg,n+1 → dg,n.
Proof. Proposition 7.1 implies that each section x of the universal curve induces a
section σx of π∗ : GCg,n → Gg,n that is well defined up to conjugation by an element
of P := kerπ∗. The section x therefore induces a section dσx of dπ∗ : gCg,n → gg,n
which is well defined up to addition of a section of the form adu ◦σx, where u ∈ p :=
kerdπ∗. Since p =W−1p, the sections dσx and dσ+adu ◦σx induce the same section
of GrW• gCg,n → Gr
W
• gg,n, and therefore of Gr
W
• uCg,n/W−3 → Gr
W
• ug,n/W−3. The
result now follows from Proposition 10.2.
Equality with the geometric case follows from equation (13) for Mg,n+1. 
10.2. Splittings. Elements of Λ3nH will be denoted by (v;u1, . . . , un), where v ∈
Λ30H and uj ∈ H . When the role of v is clear, it will be omitted. For all n ≥ 0, the
linear mapping
GrW−1 dg,n+1 → Gr
W
−1 dg,n
defined by (u0, . . . , un) 7→ (u1, . . . , un) induces a GSp(H)-equivariant homomor-
phism ǫn : dg,n+1 → dg,n.
Proposition 10.4. If g ≥ 4, then there are exactly n GSp(H)-invariant sections
of ǫn. When n ≥ 1, these are defined by
sj : (u1, . . . , un) 7→ (uj , u1, . . . , un) j = 1, . . . , n.
When g = 3, the sections of ǫn are s1, . . . , sn and the section
ζn : (u1, . . . , un) 7→ (0, u1, . . . , un).
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Proof. Suppose that n ≥ 1 and that g ≥ 3. Suppose that s : dg,n → dg,n+1 is a
GSp(H)-invariant section of ǫn : dg,n+1 → dg,n. Since H is an irreducible GSp(H)-
module, Schur’s Lemma implies that the restriction of s to the subgroup Hn of dg,n
is of the form
s(u1, . . . , un) =
(∑n
j=1ajuj , u1, . . . , un
)
for some a1, . . . , an ∈ F . Since ǫn is the identity on Λ
3
0H , s is as well. So, since the
bracket
Hj ⊗ Λ
3
0H → Λ
2
0Hj 1 ≤ j ≤ n
is surjective, the map
Λ20Hj → Λ
2
0H0 1 ≤ j ≤ n
induced by s must also be multiplication by aj .
Lemma 10.5. If g ≥ 3 and v′, v′′ ∈ Λ30H and that u
′
1, u
′′
1 , . . . , u
′
n, u
′′
n ∈ H, then the
component of
[s(v′;u′1, . . . , u
′
n), s(v
′′;u′′1 , . . . , u
′′
n)]− s
(
[(v′;u′1, . . . , u
′
n), (v
′′;u′′1 , . . . , u
′′
n)]
)
in Λ20H0 is
(14) (1−
∑
j ai)c(v
′ ∧ v′′) +
∑
j(a
2
j − aj)ej(u
′
j ∧ u
′′
j ) +
∑
i6=j aiajeij(u
′
i ∧ u
′′
j )
Remark 10.6. This result is reinterpreted in terms of non-abelian cohomology in
Lemma 18.2.
Since s is a section, the expression (14) must vanish. This implies that a2i = ai
for all i and that aiaj = 0 when i 6= j. That is, each ai ∈ {0, 1} and at most one ai
is non-zero. When g ≥ 4, c 6= 0. Consequently, we have the additional equation
n∑
j=1
aj = 1
which implies that exactly one of the aj is non-zero. This proves the result when
g ≥ 4. When g = 3, c is zero and we also have the section ζn where all aj are
zero. 
Proof of Lemma 10.5. Proposition 9.13 implies that
p0
(
[s(v′;u′1, . . . , u
′
n), s(v
′′;u′′1 , . . . , u
′′
n)]) = c(v
′ ∧ v′′)
+
∑
j
aj
(
dj(v
′ ⊗ u′′j )− dj(v
′′ ⊗ u′j)
)
+
∑
j
a2jej(u
′
j ∧ u
′′
j ) +
∑
i6=j
aiajeij(u
′
i ∧ u
′′
j )
and that
p0 ◦ s
(
[(v′;u′1, . . . , u
′
n), (v
′′;u′′1 , . . . , u
′′
n)]
)
=
∑
j
aj
(
e(u′j ∧ u
′′
j ) + d(v
′ ⊗ u′′j )− d(v
′′ ⊗ u′j) + c(v
′ ∧ v′′)
)
.
The expression (14) is their difference. 
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10.3. Genus 3. As we have seen, the section ζn of dg,n+1 → dg,n exists only when
g = 3. This exceptional section occurs because Λ2Λ30H does not contain Λ
2
0H when
g = 3. To circumvent this problem, we consider a natural integral structure on
GrW−1 ug,n that comes from the image of the Torelli group in Ug,n. This will allow
us to prove that ζn cannot be induced by a rational point.
Suppose that A is an integral domain with fraction field F . Recall that
Λ30HA := (Λ
3HA)(−1)/θˇ ∧HA ∼= im{Λ
3HA → Λ
3
0HF }.
For a positive integer n, define a lattice in Λ3nHF by
Λ3nHA = {(u1, . . . , un) ∈ (Λ
3HA)
n : u1 = · · · = un}(−1).
Define the projection r : Λ3n+1HA → Λ
3
nHA by r : (u0, u1, . . . , un) 7→ (u1, . . . , un).
The following is a straightforward generalization of Lemma 9.4.
Lemma 10.7. Suppose that g ≥ 3 and n ≥ 0. If A is an integral domain and
g − 1 /∈ A×, then ζn does not restrict to a section of the projection r : Λ
3
n+1HA →
Λ3nHA. 
Now take the coefficient field F to be Qℓ. The homomorphism (7) induces natural
isomorphisms
GrW−1 ug,1
∼= Λ31HQℓ
∼= (Λ31HZℓ)⊗Qℓ
These induce a natural isomorphism
GrW−1 ug,n
∼= (Λ3nHZℓ)⊗Qℓ
for all n ≥ 0 such that the jth projection r : Λ3n+1HZℓ → Λ
3
nHZℓ corresponds to
the jth projection GrW−1 ug,n+1 → Gr
W
−1 ug,n.
10.4. Summary. The following result summarizes the results of Section 10.
Proposition 10.8. Suppose that n ≥ 1. If g ≥ 4 and ℓ is arbitrary, or if g = 3 and
ℓ = 2, then the only GSp(HQℓ)-invariant sections of ǫn : dg,n+1 → dg,n that respect
the integral structure on GrW−1 are the sections s1, . . . , sn induced by the tautological
points. In particular, there are no GSp(H)-invariant sections of dg,1 → dg,0.
Proof. Corollary 10.3 implies that each tautological section induces a GSp(H)-
invariant section of en. When n = 1, the result follows from Lemma 10.7 when
g = 3 and Proposition 10.4 when g ≥ 4. The case n > 1 follows from the case n = 1
and naturality. 
11. Topologically Ample Families of Curves
Roughly speaking, a family C → T of smooth projective curves, where T is a
smooth, geometrically connected k variety, is topologically ample of type (g, n) if
C is the pullback of the universal curve along a map T →Mg,n/k that induces an
isomorphism on fundamental groups. The actual condition is weaker.
Definition 11.1. Suppose that k is a field of characteristic zero and that T is a
smooth, geometrically connected k-variety. A family C → T of smooth projective
curves of genus g ≥ 3 is topologically ample over k of type (g, n) if there is a k-
morphism φ : T →Mg,n/k, called a marking, and a prime number ℓ satisfying:
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(i) C is isomorphic to the pullback of the universal curve C →Mg,n/k; equiv-
alently, there is a morphism φˆ : C → Cg,n/k such that
C
φˆ //

Cg,n/k

T
φ //Mg,n/k
commutes;
(ii) the monodromy representation ρ : π1(T, η) → GSp(HQℓ) is Zariski dense,
where η is a geometric point of T and H = H1e´t(Cη,Qℓ(1));
(iii) the Lie algebra homomorphism φ∗ : uT → ug,n induced by φ induces
an isomorphism uT /W−3 → ug,n/W−3, where uT and ug,n denote the
Lie algebras of the prounipotent radicals of the weighted completions of
π1(T, x) and π1(Mg,n/k, φ(x)) with respect to their homomorphisms to
GSp(HQℓ);
(iv) The group of sections JacC/T (T ) of the relative jacobian JacC/T → T is
finitely generated.
When g = 3, we also require that ℓ = 2 and that the image of the natural homo-
morphism
ker{π1(T, η)→ GSp(HQ2)} → Gr
W
−1 ug,n
equals the copy of Λ3nHZ2 defined in Paragraph 10.3. A marked topologically ample
curve of type (g, n) is a topologically ample curve C → T of type (g, n) together
with a choice of marking φ : T →Mg,n/k.
Every marked topologically ample family of curves C → T of type (g, n) has n
tautological points x1, . . . , xn. These are the pullbacks of the n-tautological sections
of the universal curve over Mg,n/k along the marking φ.
Finite generation of JacC/T (T ) occurs when k is small and also when the image
of π1(T ⊗k k, η) → GSp(HQℓ) is large enough. It fails, for example, when k is
algebraically closed and T = Spec k.
Proposition 11.2. Suppose that T is a geometrically connected, smooth k-variety.
If either k is finitely generated over Q or if H0(T ⊗k k,HQℓ) = 0, then JacC/T (T )
is finitely generated.
Proof. The case when k is finitely generated over Q follows from the Mordell-Weil
Theorem [44]. To prove the second assertion, it suffices, by standard arguments, to
prove it in the case k = C. Denote the category of mixed Hodge structures (MHS)
by H and the category of admissible variations of MHS over T by H(T ). In this
case, the Abel-Jacobi mapping
JacC/T (T )→ Ext
1
H(T )(Z(0)T ,HZ)
is injective. It is proved in the Appendix that the sequence
0→ Ext1H(Z(0), H
0(T,HZ))→ Ext
1
H(T )(Z(0)T ,HZ)→ H
1(T,HZ)
is exact. Since HZ is torsion free, H
0(T,HZ) is a subgroup of H
0(T,HQℓ), and
therefore vanishes. Since T is homotopy equivalent to a finite complex, H1(T,HZ)
is finitely generated. It follows that JacC/T (T ) is finitely generated. 
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Proposition 8.2 implies that when g ≥ 4, the universal curve over Mg,n/k[m] is
topologically ample whenever there is a prime number ℓ such that χℓ : Gk → Z
×
ℓ
has infinite image. When g = 3 it implies that M3,n/k[m] is topologically ample
when the image of χ2 is infinite. This condition is satisfied, for example, when k is
a number field. Recall that
◦
Mg,n[m] denotes the open subset ofMg,n[m] of curves
with trivial automorphism group. As indicated in Section 5.1.2, it is a smooth
quasi-projective variety whenever g ≥ 3.
Proposition 11.3. Suppose that g ≥ 3, n ≥ 0, m ≥ 1 and that either g + n ≥
4 or m ≥ 3. If there exists a prime number ℓ such that the ℓ-adic cyclotomic
character χℓ : Gk → Z
×
ℓ has infinite image and if T is a generic ample subvariety
of
◦
Mg,n/k[m] of dimension ≥ 2, then the pullback of the universal curve over Mg,n
to T is topologically ample of type (g, n).
Proof. If m ≥ 3, then
◦
Mg,n[m] = Mg,n[m]. Proposition 5.1 implies that if
g + n ≥ 4, then
◦
Mg,n/k[m] is a smooth quasi-projective variety whose geomet-
ric fundamental group is isomorphic to the profinite completion of the mapping
class group Γg,n[m]. Choose a projective imbedding
◦
Mg,n/k[m] →֒ P
N
k . Denote the
Zariski closure of the image by X . Set
r = N − (3g − 3 + n) + d.
When d ≥ 0, there is a Zariski open subset Ud of the Grassmannian Gr(P
N ) con-
sisting of the r planes in PN that intersect X and all of the strata of X −Mg,n
transversely. If L ∈ Ud(k), then L ∩X is a subvariety of X of dimension d.
Observe that Ud(k) is non-empty. If d ≥ 2 and L ∈ Ud(k), then, by [10,
Thm. p. 150], Mg,n ∩ L is geometrically connected k-variety of dimension d and
the inclusion
T :=
◦
Mg,n/k[m] ∩ L →֒
◦
Mg,n/k[m]
induces an isomorphism on geometric fundamental groups. It thus induces an
isomorphism on e´tale fundamental groups. Let C → T be the restriction of the
universal curve over Mg,n/k to T . Since the ℓ-adic cyclotomic character χℓ has
infinite image, this implies that the representations π1(T )→ GSp(H) and π1(C ⊗k
k) → Sp(H) are Zariski dense. Proposition 11.2 implies that JacC/T (T ) is finitely
generated. It follows that C/T is topologically ample of type (g, n). 
Remark 11.4. Suppose that C/T is topologically ample of type (g, n) with g ≥ 3.
Denote the lisse sheaf of Qℓ vector spaces over T that corresponds to the GSp(H)-
module V by V. Proposition 6.8 implies that if V has negative weight, then one
has isomorphisms
H1e´t(T,V)
∼= HomGSp(H)(H1(uT ), V )
∼= HomGSp(H)(H1(ug,n), V ) ∼= H
1
e´t(Mg,n/k,V).
In particular, H1e´t(T,Qℓ(1))
∼= H1e´t(Mg,n/k,Qℓ(1)) = 0.
Recall that Cg,n/k denotes the universal complete curve over Mg,n/k.
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Proposition 11.5. If C/T is topologically ample over k of type (g, n), then φˆ
induces an isomorphism φˆ∗ : uC/W−3
≃
→ uCg,n/k/W−3 such that the diagram
uC/W−3 ≃
φˆ∗ //

uCg,n/k/W−3

uT /W−3 ≃
φ∗ // ug,n/W−3
commutes.
Proof. This an immediate consequence of the commutativity of the diagram
0 // p // uC //

uT
∼=φ

// 0
0 // p // uCg,n // ug,n // 0
whose rows are exact by Proposition 7.1. 
The homomorphism φ∗ : uT → ug,n induces an isomorphism φ∗ : d(uT ) → dg,n.
The next result is a direct consequence of Propositions 10.2 and 11.5. The proof
of the last assertion is almost identical to that of Corollary 10.3 and is left to the
reader.
Corollary 11.6. If C/T is topologically ample over k of type (g, n), then there is
a GSp(H)-equivariant isomorphism d(uC) ∼= dg,n+1 such that the diagram
d(uC)

≃ // dg,n+1

d(uT )
≃ // dg,n
commutes. Each section x ∈ C(T ) induces a GSp(H)-invariant section of d(uC)→
d(uT ) which preserves the integral lattice on Gr
W
−1.
12. The Class of a Rational Point
In this section we associate a cohomology class κx ∈ H
1(T,H) to a section
x ∈ C(T ) of a family of smooth projective curves C → T . In the universal case —
viz., the universal curve over Mg,1 — this class is easily expressed in terms of the
GSp(H)-structure of GrW−1 ug,1.
Suppose that T is a smooth, geometrically connected k-scheme and that f :
X → T is a family of smooth projective varieties of relative dimension d over T .
The polarization gives an isomorphism R1f∗Qℓ(1) ∼= R
2d−1f∗Qℓ(d). By well-known
arguments (cf. [22, §4]), each relative algebraic cycle ξ in X of dimension 0 over T
that is homologically trivial on each geometric fiber of f , determines a well defined
class
cξ ∈ H
1
e´t(T,R
2d−1f∗Qℓ(d)) ∼= H
1
e´t(T,R
1f∗Qℓ(1)).
In particular, if x1, . . . , xn are sections of a family C → T of smooth projective
curves of genus g ≥ 3 and d1, . . . , dn are integers which sum to zero, then we have
the class of the relative divisor ξ =
∑
djxj .
40 RICHARD HAIN
Denote the relative canonical divisor of C/T by ωC/T . If x ∈ C(T ), then one
has the algebraic 0-cycle class (2g − 2)x − ωC/T , which is homologically trivial on
each geometric fiber. Its class
κx ∈ H
1
e´t(T,HQℓ)
is well defined. In particular, one has the class
κ ∈ H1e´t(Mg,1/k,HQℓ)
of the tautological section of the universal curve over Mg,1/k. It is universal in
the sense that each x ∈ C(T ) is classified by a k-morphism φ : T → Mg,1/k and
κx = φ
∗κ. Denote the class of the jth tautological point of the universal curve over
Mg,n/k by κj .
Proposition 12.1. If g ≥ 3, n ≥ 0, and m ≥ 1, then for all fields of k character-
istic zero
H1e´t(Mg,n/k[m],HQℓ) = Qℓκ1 ⊕Qℓκ2 ⊕ · · · ⊕Qℓκn
Proof. When n = 1, this follows directly form [22, Thm. 6.9]. The general case
follows easily from this, naturality, and the computation [14, Prop. 5.2]. 
If π : A → T is a family of polarized abelian varieties over a smooth k-variety
T , then the Abel-Jacobi mapping induces a homomorphism
A(T )→ H1e´t(T,R
2g−1π∗Qℓ(g)) ∼= H
1
e´t(T,R
1π∗Qℓ(1)).
A direct proof of Corollary 12.3 below was communicated to me by Minhyong
Kim; the current formulation, using the lemma, was contributed by the referee.
Lemma 12.2. If π : A → T is a family of polarized abelian varieties over a
noetherian scheme T , then the kernel of the ℓ-adic Abel-Jacobi map
A(T )→ H1e´t(T,R
1π∗Zℓ(1))
is the subgroup
⋂
n ℓ
nA(T ) of ℓ∞-divisible points.
Proof. The connecting homomorphism of the long exact cohomology sequence as-
sociated to the exact sequence of e´tale sheaves
0→ A[ℓn]→ A
ℓn
→ A→ 0
induces an injection A(T )/ℓnA(T ) →֒ H1e´t(T,A[ℓ
n]). Since T is noetherian, [4,
Thm 1.1, p. 233] implies that H0(T,A[ℓn]) is finite for each n ≥ 1. This implies
that lim
←−
1H0(T,A[ℓn]) vanishes and that the natural surjection
H1e´t(T, lim←−
n
A[ℓn])→ lim
←−
n
H1e´t(T,A[ℓ
n])
is an isomorphism. The result now follows as the Weil pairing induces an isomor-
phism R1π∗Zℓ(1)→ lim←−n
A[ℓn]. 
Corollary 12.3. If the group A(T ) of sections of π : A→ T is finitely generated,
then the kernel of
A(T )→ H1e´t(T,R
1π∗Qℓ(1))
is finite for all ℓ.
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The assumption that A(T ) be finitely generated is necessary, as can be seen by
considering the case where T is the spectrum of an algebraically closed field.
We can apply this to the family of jacobians π : JacC/T → T associated to the
family of curves C → T .
Corollary 12.4. Suppose that x and y are sections of C over T . If JacC/T (T ) is
finitely generated, then κx = κy implies that x− y is torsion in JacC/T (T ).
Proof. Since R1π∗Zℓ(1) is naturally isomorphic to HZℓ , the diagram
C(T )
''OO
OO
OO
OO
OO
O

JacC/T (T ) // H1e´t(T,HQℓ)
commutes, where the left-hand vertical map takes x to the class of (2g−2)x−ωC/T
whose image under the horizontal map is κx. Since the bottom map is injective
mod torsion, κx = κy implies that the divisor (2g − 2)(x− y) is torsion. 
We conclude this section by relating the class κx of a section of C → T to the
structure of H1(uT ). Proposition 6.8 implies that there is an isomorphism
H1e´t(T,H)
∼= HomGSp(H)(H1(uT ),H).
The GSp(H)-equivariant projection h : Λ31H → H is the twist of the map Λ
3H →
H(1) defined by x ∧ y ∧ z 7→ θ(x, y)z + θ(y, z)x+ θ(z, x)y.
The following assertion follows from [22, Prop 6.5] and its proof.
Proposition 12.5. If g ≥ 3, the GSp(H)-invariant homomorphism
H1(ug,1)→ Gr
W
−1 ug,1
∼= Λ31H
2h
→ H
corresponds to the universal class κ under the isomorphism
H1e´t(Mg,1/k,HQℓ)
∼= HomGSp(H)(H1(ug,1), H).
Let hj : Λ
3
nH → H be the GSp(H)-invariant homomorphism
Λ3nH
// (Λ31H)
n
prj // Λ31H
h // H
Corollary 12.6. When g ≥ 3 and n ≥ 1, the class κj ∈ H
1
e´t(Mg,n/k,HQℓ) corre-
sponds to the homomorphism 2hj under the isomorphism
H1e´t(Mg,n/k,HQℓ)
∼= HomGSp(H)(H1(ug,n), H).
Recall from the proof of Lemma 9.4 that the composite h◦( ∧θˇ) : H → Λ31H → H
is (g − 1) idH . It follows that the projection Λ
3
nH → H that corresponds to the
projection
Λ3nH = Λ
3
0H ⊕H
n → H
onto the jth copy of H is hj/(g − 1). This projection corresponds to κj/(2g − 2).
Remark 12.7. One of the issues in trying to prove the section conjecture is to
determine which classes in Pic1 C are the classes of rational points. To provide a
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context for the results of the next section, we mention that when C is the pullback
of the universal curve to Spec k(Mg,n/k[m])
(Pic0 C)
(
k(Mg,n/k[m])
)
∼=
n⊕
j=1
Z(κj/ǫm)⊕
⊕
1≤j<j′≤n
Z[xj − xj′ ]⊕ (Z/mZ)
2g
where ǫm is 2 when m is even and 1 when m is odd.
14 This is proved in [14,
Thm. 12.3] when k = C; it implies the result for all algebraically closed fields k of
characteristic zero. The case for a general field k of characteristic zero follows as
all the generators are represented by Q-rational divisors.
13. Computation of C(k(T ))
Given a family of curves C → T , one encounters the problem of distinguishing
the sections of Pic1 C → T that correspond to k(T )-rational points of C from those
that do not. This distinction can be made when C/T is topologically ample.
Lemma 13.1. If g ≥ 3 and n ≥ 1, there is no GSp(H)-equivariant Lie algebra
homomorphism
GrW• u
geom
g,n /W−3 → Gr
W
• u
geom
g,2 /W−3
that induces the map (v;u1, . . . , un) 7→ (v;u1, u1) on Gr
W
−1.
Proof. Suppose that such a homomorphism φ : GrW• u
geom
g,n /W−3 → Gr
W
• u
geom
g,2 /W−3
exists. Denote the ijth copy (1 ≤ i < j ≤ n) of Qℓ(1) in Gr
W
−2 u
geom
g,n by Qℓ(1)ij .
Note that there is a unique copy of Qℓ(1) in Gr
W
−2 u
geom
g,2 . Denote the jth copy of H
in GrW−1 u
geom
g,n by Hj . Proposition 9.13 implies that
Λ2Λ30H
inclusion// Λ2GrW−1 u
geom
g,2
bracket // GrW−2 u
geom
g,2
q12 // Qℓ(1)
is surjective. When n = 1, there is no copy of Qℓ(1) in Gr
W
−2 ug,n, from which it
follows that there is no such homomorphism φ when n = 1.
Now suppose that n > 1. In this case Proposition 9.13 implies that the image of
(15) Λ2Λ30H
inclusion// Λ2GrW−1 u
geom
g,n
bracket // GrW−2 u
geom
g,n
⊕qij //
⊕
i<j Qℓ(1)ij
is the diagonal copy of Qℓ(1). It follows that φ induces a surjective homomorphism(
GrW−2 u
geom
g,n
)Sp(H)
→
(
GrW−2 u
geom
g,2
)Sp(H)
.
On the other hand, Proposition 9.13 implies that, when i < j, the component
Hi ⊗Hj
inclusion// Λ2GrW−1 u
geom
g,n
bracket // GrW−2 ug,n
qij // Qℓ(1)ij
of the bracket is surjective. Since j > 1, Hj is contained in the kernel of φ. These
two facts imply that the restriction of φ to Qℓ(1)ij is zero whenever 1 ≤ i < j ≤
n, which contradicts the non-triviality of (15). It follows that there is no such
homomorphism φ when n > 1, which completes the proof. 
Topologically ample curves have the nice property that their T -rational points
are determined by their classes in H1(T,HQℓ).
14More precisely, when m is even the relative canonical bundle has 22g square roots (“theta
characteristics”), any two of which differ by a point of order 2. By κj/2 we mean the class of
(g − 1)xj − α for a choice of theta characteristic α. This is well defined mod 2-torsion.
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Proposition 13.2. Suppose that C/T is a topologically ample curve of type (g, n)
where g ≥ 3 and n ≥ 1. If x ∈ C(k(T )) and κx = κj, then x is the jth tautological
point xj.
Proof. We may assume that j = 1. Corollary 12.4 implies that [x]− [x1] is torsion
in (Pic0 C)(k(T )). Denote this torsion point by δ. If δ = 0, then x = x1 and
we are done. By replacing T by T − Z if necessary, where Z is a subvariety
of T of codimension ≥ 2, results of Section 3 imply that we may assume that
x ∈ C(T ). If δ 6= 0, then the sections x and x1 of C are disjoint, and there is
a k-morphism T → Mg,2 defined by x 7→ [Cx;x1, x]. This induces a GSp(H)-
equivariant homomorphism φ : GrW• uT → Gr
W
• ug,2. Since C/T is topologically
ample, the marking induces an identification uT /W−3 ∼= ug,n/W−3. Since κx = κ1,
the induced mapping
GrW−1 uT
φ∗ //
∼=

GrW−1 ug,2
∼=

Λ30H ⊕H
n
ψ // Λ30 ⊕H
2
on GrW−1 is defined by ψ : (v;u1, . . . , un) 7→ (v;u1, u1). But by Lemma 13.1, there
is no such homomorphism. It follows that δ = 0 and that x = x1. 
13.1. Proof of Theorem 1. If C(k(T )) is empty, n must be zero and the result
is true. Suppose that x ∈ C(k(T )). Corollary 3.2 implies that x induces a splitting
of the homomorphism π1(C, ηC)→ π1(T, ηT ) for some choice of basepoints. Corol-
lary 11.6 implies that x induces a GSp(H)-equivariant splitting of d(uC) → d(uT )
which, when g = 3, preserves the Z2 lattice structure on Gr
W
−1. Proposition 10.8
implies that n ≥ 1 and that this section equals the section induced by the tau-
tological point xj for some j ∈ {1, . . . , n}. Corollary 12.6 implies that κx = κj.
Proposition 13.2 and Remark 3.3 now imply that x = xj .
14. Non-abelian Cohomology
This section is a brief review of the non-abelian cohomology of proalgebraic
groups developed in [19], which was inspired by, and is a variant of, the non-abelian
cohomology developed by Kim in [28]. This non-abelian cohomology is the principal
tool used in the proof of Theorem 3. This version of non-abelian cohomology should
be useful in studying rational points of curves and other non-abelian varieties as it
is somewhat computable, as we demonstrate in Section 18.
Suppose that F is a field of characteristic zero and that G is a negatively weighted
extension of a connected, reductive F -group R with respect to a non-trivial central
cocharacter ω : Gm → R. Suppose that P is a prounipotent F -group with trivial
center. Fix an outer action φ : G → OutP of G on P . This induces an action
of G on H1(P), so that H1(P) has a natural weight filtration. We will assume
that this is negatively weighted — i.e., H1(P) = W−1H1(P) — and that each of
its weight graded quotients is finite dimensional. Under these conditions, P has a
natural weight filtration with finite dimensional quotients and the group of weight
filtration preserving automorphisms AutW P of P is a proalgebraic group. We will
define a non-abelian cohomology scheme H1nab(G,P), which will represent sections
of an extension of G by P .
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The condition that P have trivial center implies that this extension is uniquely
determined by the outer action φ. Indeed, since P has trivial center, the sequence
1→ P → AutW P → OutW P → 1,
where the first map takes an element of P to the corresponding inner automorphism,
is an exact sequence of proalgebraic F -groups. Pulling this extension back along φ
gives an extension
(16) 1→ P → Ĝφ → G → 1
of G by P . We do not make the conventional assumption that this sequence splits,
nor do we distinguish any one section when there is one.
The assumption thatH1(P) be negatively weighted implies Ĝφ is also a negatively
weighted extension of R with respect to ω. It also implies that W−mP is a normal
subgroup of Ĝφ for all m ∈ Z.
Denote the Lie algebra of G by g. It acts on the weight graded quotients of p.
Frequently we will impose the finiteness condition
(17) dimH1(g,GrW−m p) <∞
for m ∈ Z in a suitable range. The following is our analogue of [28, Prop. 2].
Theorem 14.1. Suppose that N > 1 and that the finiteness condition (17) holds
when 1 ≤ m < N . Under the assumptions above, there is an affine F -scheme of
finite type, H1nab(G,P/W−NP), which represents the functor that takes an F -algebra
A to the set
{sections of (Ĝφ/W−NP)⊗F A→ G ⊗F A}/conjugation by P(A),
where P(A) acts on the sections by conjugation.
Corollary 14.2. If the finiteness condition (17) holds for all m ≥ 1, then the affine
F -scheme
H1nab(G,P) := lim←−
H1nab(G,P/W−NP)
represents the functor
{sections of Ĝφ ⊗F A→ G ⊗F A}/conjugation by P(A).
There is a non-abelian analogue of an exact sequence which aids in the compu-
tation of H1nab(G,P). The next result is our analogue of the claim on page 641 of
[28].
Theorem 14.3. Suppose that N > 1. If the finiteness condition (17) is satisfied
when 1 ≤ m ≤ N , then
(i) there is a morphism δ : H1nab(G,P/W−N )→H
2(g,GrW−N p) of F -schemes,
(ii) there is a principal action of H1(g,GrW−N p) on H
1
nab(G,P/W−N−1),
(iii) for all F -algebras A, H1nab(G,P/W−N )(A) is a principal H
1(g,GrW−N p)(A)
set over the A-rational points (δ−1(0))(A) of the scheme δ−1(0).
This “exact sequence” is represented by the diagram:
H1nab(G,P/W−N−1)H
1(g,GrW−N p) 99
π // H1nab(G,P/W−N)
δ // H2(g,GrW
−N p)
in which π is the projection that takes a section to its quotient by GrW−N P .
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Remark 14.4. In our version of non-abelian cohomology, we do not need to specify
a splitting of the extension (16), or even to have one at all. Since this extension
may not split, H1nab(G,P) may be the empty scheme. Even when the extension
does split, there may be no preferred section and we do not view these cohomology
groups as pointed objects, as is customary. This point of view is based on the
computations in Section 18, which suggest that preferring any one section over
another maybe unnatural in some contexts.
14.1. The scheme H1nab(G,P/W−N−1). In Section 18, we will need to compute
the “connecting morphism” δ in situations of interest. Before we explain how to
compute δ, we need to explain why H1nab(G,P/W−m−1P) is a scheme. Full details
can be found in [19].
Denote Ĝφ by Ĝ. For each m > 0 and set Ĝm = Ĝ/W−m−1P . Denote the Lie
algebras of G, Ĝ, Ĝm, P and P/W−m−1 by g, gˆ, gˆm, p and pm, respectively. Choose
a lift ωˆ : Gm → Ĝ of ω to Ĝ. Denote its composition with Ĝ → Ĝm by ωˆm and
with Ĝ → G by ωˆ0. Note that ωˆ splits the weight filtration of all Ĝ-modules. In
particular, it splits the weight filtration of each of these Lie algebras.
Fix N ≥ 1. Let A be an F -algebra. Define a section s of ĜN ⊗F A → G ⊗F A
to be ωˆ-graded if it commutes with ωˆ in the sense that ωˆN = s ◦ ωˆ0. Equivalently,
its derivative ds : g⊗F A→ gˆ⊗F A is ωˆ-graded in the sense that it commutes with
the Gm-actions on g and gˆ induced by ωˆ.
One has the maps
(18) {ωˆ-graded sections of gˆN ⊗F A→ g⊗F A}
∼= {ωˆ-graded sections of ĜN ⊗F A→ G ⊗F A}
→֒ {sections of ĜN ⊗F A→ G ⊗F A}
GrW• d→ {graded sections of GrW• gˆN ⊗F A→ Gr
W
• g⊗F A}
where the last map takes a section s to the graded Lie algebra section induced by
its derivative ds. Note that the composition of these three maps is the isomorphism
induced by the ωˆ-splitting of the weight filtration.
It is not difficult to show (cf.[19, Prop. 4.3]) that if the finiteness assumption
(17) holds for all m ≤ N , then the functor that takes an F -algebra A to the set
{graded sections of GrW• gˆN ⊗F A→ Gr
W
• g⊗F A}
is represented by an affine F -scheme of finite type, which we shall denote by
Sect•(Gr
W
• g,Gr
W
• p/W−N−1). It is a subscheme of an affine space that is a principal
homogeneous space over HomR(Gr
W
• H1(g),Gr
W
• pN ). The finiteness assumption
implies that this is finite dimensional.
Proposition 14.5 ([19, Cor. 4.7]). If N ≥ 0, then, for all F -algebras A the maps
(18) induce bijections
{ωˆ-graded sections of gˆN ⊗F A→ g⊗F A}
≃
→ {sections of ĜN ⊗F A→ G ⊗F A}/P(A)
GrW• d→ {graded sections of GrW• gˆN ⊗F A→ Gr
W
• g⊗F A}
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This follows from the observation [19, Lem. 4.2] that each P(A)-conjugacy class
of sections contains a unique ωˆN -graded section. It follows that the functor that
takes A to the set of P(A) conjugacy classes of sections of ĜN ⊗F A → G ⊗F
A is represented by the affine F -scheme Sect•(Gr
W
• g,Gr
W
• p/W−N−1). That is,
H1nab(G,P/W−N−1P) = Sect•(Gr
W
• g,Gr
W
• p/W−N−1).
14.2. The connecting morphism δ. Full details of the construction of δ and its
properties can be found in [19].
Suppose that m ≥ 0. Identify H1nab(G,Pm) with the scheme of graded sections
of GrW• gˆm → Gr
W
• g•. Suppose that N ≥ 1. Set z = Gr
W
−N p. Then we have the
extension of graded Lie algebras
0→ z→ GrW• gN → Gr
W
• gˆN−1 → 0.
Suppose that σ is a graded section of GrW• gˆN−1 → Gr
W
• g. Define σ˜ to be the
R-linear section
GrW• g⊗F A
σ // GrW• gN−1 ⊗F A
r⊗A // GrW• gˆN ⊗F A
of GrW• gˆN ⊗F A → Gr
W
• g ⊗F A, where r is the unique, R-linear, graded section
of GrW• gˆN → Gr
W gˆN−1. Note that, in general, r is not a Lie algebra homomor-
phism. The obstruction to σ˜ being a Lie algebra homomorphism is the function
hσ : Λ
2GrW• gN → z defined by
hσ(x ∧ y) := [σ˜(x), σ˜(y)]− σ˜([x, y]).
It is an R-invariant 2-cocycle of weight 0 in the Chevalley-Eilenberg cochain complex
C•(GrW• g, z)⊗F A. Define
δ : H1nab(G,PN )(A)→ H
2(g, z)⊗F A
by taking σ to the class of hσ in H
2(GrW• g, z) ⊗F A
∼= H2(g, z) ⊗F A. This is
induced by a morphism of F -schemes.
If δ(σ) 6= 0, σ does not lift to a graded Lie algebra section of GrW• gˆN ⊗F A →
g⊗F A. If δ(σ) = 0, then, by [19, Lem. 3.3], there is an R-invariant 1-cochain
v ∈ GrW0 C
1(GrW• g, z)⊗F A
such that δ(v) = hδ. Then σ˜ + v : Gr
W
• g ⊗F A → Gr
W
• gˆN ⊗F A is a graded Lie
algebra section of GrW• gˆN ⊗F A→ Gr
W
• g⊗F A that lifts σ.
15. Setup for Proofs of Theorems 2 and 3
The following three sections are devoted to the proofs of Theorems 2 and 3. This
section sets up the notation to be used in these sections and establishes some basic
results.
Suppose that g, n and m are non-negative integers satisfying g ≥ 2, n ≥ 0
and m ≥ 1.15 Suppose that k is a field of characteristic zero that contains µm(k),
the mth roots of unity. Fix a primitive mth root of unity. We then have the
geometrically connected moduli space Mg,n/k[m].
15Later, we will assume that g ≥ 5. But, for the time being, we consider smaller genera so
that some of the preliminary results can be presented in their natural generality.
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Set K = k(Mg,n[m]). Fix an algebraic closure K of K. Denote the algebraic
closure of k in K by k. Set
Gk = Gal(k/k), GK = Gal(K/k), and G
geom
K := Gal(K/k).
There is an exact sequence
(19) 1→ GgeomK → GK → Gk → 1.
Let C be the restriction of the universal (complete) curve C → Mg,n/k[m] to
its generic point SpecK. Choose a geometric point x of C ⊗K K that lies over its
generic point. Set
π = π1(C ⊗K K,x)
Then one has the extension
1→ π → π1(C, x)→ GK → 1.
Suppose that ℓ is a prime number. Set
H = HQℓ = H
1
e´t(C ⊗K K,Qℓ(1)).
The monodromy representation ρ : GK → GSp(H) has Zariski dense image if
and only if the image of the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infi-
nite. Suppose that this is the case. Define the weight of a representation GK →
GSp(H) → AutV to be its weight as a GSp(H)-module With this convention, H
is a GK -module of weight −1.
Denote the weighted completions of GK with respect to ρ by GK and the weighted
completion of π1(C, η) with respect to π1(C, η) → GK → GSp(H) by GC . Denote
their Lie algebras by gK and gC , respectively. Denote their prounipotent radicals
by UK and UC , and their Lie algebras by uK and uC , respectively. One has the
exact sequence of Qℓ-groups
1→ πun → GC → GK → 1
where πun denotes the continuous unipotent completion πun/Qℓ of π over Qℓ. Denote
the Lie algebra of πun by p. Since gK , gC and p are GC -modules via the conjugation
action, all have compatible natural weight filtrations that possess the exactness
properties described in Proposition 6.4.
Basic naturality properties of weighted completion imply:
Proposition 15.1. For each Qℓ-algebra A, there is a group extension
1→ πun(A)→ G˜AC → GK → 1
and an inclusion
1 // π //

π1(C, x) //

GK // 1
1 // πun(A) // G˜AC
// GK // 1
of extensions, where the left hand vertical map is the canonical inclusion.
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Proof. Define G˜AC so that
(20) G˜AC
//

GK

GC(A) // GK(A)
is a pullback square. The map G˜AC → GK is surjective because the lower map
is surjective. To see this, choose a splitting of GC → GSp(H) in the category of
Qℓ-groups. It descends to a splitting of GK → GSp(H). These splittings induce
compatible isomorphisms GC(A) ∼= GSp(HA) ⋉ UC(A) and GK(A) ∼= GSp(HA) ⋉
UK(A). Since UC → UK is a surjective homomorphism of prounipotent groups,
the map UC(A) → UK(A) is surjective, which implies that GC(A) → GK(A) is
surjective. 
When n ≥ 1, G˜AC is isomorphic to the group GK ⋉ π
un(A) described in the
introduction.
SinceW−rπ
un is the rth term of its lower central series, eachW−rπ
un is a normal
subgroup of GC . Consequently, W−rπ
un(A) is a normal subgroup of G˜AC . One thus
has the truncated extensions
1→ (πun/W−rπ
un)(A)→ G˜AC/(W−rπ
un(A))→ GK → 1.
for each extension field A of Qℓ. Define H
1
nab(GK , π
un/W−r)(A) to be the set of
sections of G˜AC → GK , modulo conjugation by π
un(A)/W−r.
Proposition 15.2. Suppose that r ∈ [1,∞]. If H1(GK ,Gr
W
−s π
un) is finite dimen-
sional when l ≤ s < r, then the restriction mapping
H1nab(GK , π
un/W−r)(Qℓ)→ H
1
nab(GK , π
un/W−r)(Qℓ)
is a bijection.
Conditions that ensure the finite dimensionality of H1(GK ,Gr
W
−r π
un) are given
in Section 17. The condition is satisfied, for example, when k is a number field and
g ≥ 3.
Proof. Proposition 6.8 implies that H1(GK ,Gr
W
−s π
un) ∼= H1(GK ,Gr
W
−s π
un). The
finite dimensionality of H1(GK ,Gr
W
−s π
un) thus ensures the existence of the scheme
H1nab(GK , π
un/W−r). Suppose that s is a section of G˜
Qℓ
C /W−rπ
un(Qℓ)→ GK . Then
the universal mapping property of weighted completion implies that
GK
s // G˜QℓC /W−rπ
un(Qℓ) // (GC/W−rπ
un)(Qℓ)
induces a section σ of GC → GK/W−rπ
un(Qℓ) such that the diagram
G˜QℓC /W−rπ
un(Qℓ)

GK
soo

GC(Qℓ)/W−rπ
un(Qℓ) GK(Qℓ)
σoo
commutes. On the other hand, since (20) is a pullback square, so is its reduc-
tion mod W−rπ
un(Qℓ). Consequently, each section σ of (GC/W−rπ
un)(Qℓ) → GK
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induces a section s of G˜QℓC /W−rπ
un(Qℓ)→ GK such that the diagram above com-
mutes. The results follows as two sections s1 and s2 of G˜
Qℓ
C → GK are conjugate
by an element of πun(Qℓ) if and only if the corresponding sections σ1 and σ2 of
GC → GK are conjugate by an element (necessarily the same mod W−rπ
un(Qℓ)) of
πun(Qℓ). 
16. Cohomology Computations
Theorems 2 and 3 are proved using the non-abelian cohomology described in
Section 14. In order to computeH1nab(GK , π
un), we need to computeH1(gK ,Gr
W
−r p)
and to bound H2(gK ,Gr
W
−r p) for each r > 0. This we do in the next section.
But first we need to compute and/or bound the cohomology groups H•(GK , V )
in low degrees for all negatively weighted GSp(H)-modules V as these control the
cohomology groups H•(gK ,Gr
W
−r p) in low degree. In this section we do this by
investigating the degree to which the restriction mapping
H•e´t(Mg,n/k[m],V)→ H
•(GK , V )
is an isomorphism. Remarkably, it is an isomorphisms in degree 1 and an injection
in degree 2, except when the pullback of V to Mg,n/k[m] contains a trivial local
system.
Recall that Cng/k[m] denotes the nth power of the universal (complete) curve Cg
over Mg/k[m]. By convention, C
0
g/k[m] = Mg/k[m]. Note that Mg,n/k[m] is a
Zariski open subset of Cng/k[m].
The irreducible GSp(HQℓ)-module Hλ(r) gives rise to a GK -module of weight
−|λ| − 2r by composition with ρ. Denote the local system over Mg,n/k[m] corre-
sponding to the GSp(H)-module V by V. Call an irreducible GSp(HQℓ) module V
geometrically non-trivial if it is non-trivial when restricted to Sp(HQℓ).
The following key result follows from [18, Cor. 6.2] and standard comparison
theorems.
Theorem 16.1. Suppose that k is an algebraically closed field of characteristic
zero. Suppose that n ≥ 0, m ≥ 1, and that g = 3 or g ≥ 5. If U is a Zariski
open subset of Cng/k[m], then for all non-trivial, irreducible, geometrically non-trivial
representations V of GSp(H), the map
Hje´t(C
n
g [m],V)→ H
j
e´t(U,V)
induced by the inclusion U →֒ Cng [m] is an isomorphism when j = 0, 1 and an
injection when j = 2.
SinceMg,n/k[m] is a Zariski open subset of C
n
g [m], the result remains true when
Cng [m] is replaced by Mg,n[m] in the statement of the Theorem.
Remark 16.2. Theorem 16.1 holds in a more general situation, which is described
in the following paragraph. It allows the reduction of the transcendence degree of
the field K in Theorem 3 from 3g−3+n to 3. The key point is that a more general
version of the previous theorem implies that the cohomological computations in
this section hold in this more general situation. For clarity of exposition, we do not
work out the details in this more general situation, but leave them to the interested
reader.
Suppose that k is an algebraically closed field of characteristic zero. First let M
be a generic linear section of Mg/k[m] of dimension ≥ 3. Denote the restriction
50 RICHARD HAIN
of the nth power of the universal curve to M by CnM . For a suitable imbedding
CnM → P
N , [18, Thm. 5.1] implies (cf. [18, Thm. 6.1]) that a generic section T of CnM
by a complete intersection of sufficiently high multi-degree will have the property
that for all non-trivial, irreducible, geometrically non-trivial representations V of
GSp(H), and all Zariski open subsets U of T , the map Hje´t(T,V) → H
j
e´t(U,V)
induced by the inclusion U →֒ T is an isomorphism when j = 0, 1 and an injection
when j = 2. 
Set K = k(Mg,n/k[m]) and let C/K be the restriction of the universal curve to
SpecK.
Proposition 16.3. Suppose that g ≥ 5 and that k is a field of characteristic zero
for which the image of the ℓ-adic cyclotomic character χℓ : Gk → Z
×
ℓ is infinite.
(i) If r 6= 1, then H1(GK ,Qℓ(r)) ∼= H
1(Gk,Qℓ(r)).
(ii) If V is a geometrically non-trivial, irreducible representation of GSp(HQℓ)
of negative weight, then
H1(GK , V ) ∼= H
1
e´t(Mg,n/k[m],V)
∼=

Qℓ
n V = HQℓ ;
Qℓ V = Λ
3
0HQℓ ;
0 otherwise.
(iii) If V is a GSp(H)-module satisfying V Sp(H) = 0, then there is a natural
inclusion
H1(Gk, H
1(GgeomK , V )) →֒ H
2(GK , V ).
(iv) If V is a GSp(H)-module satisfying V Sp(H) = 0, then the restriction map-
ping H2e´t(Mg,n/k[m],V)→ H
2(GK , V ) is injective.
Proof. The extension (19) gives rise to a spectral sequence
(21) Es,t2 = H
s(Gk, H
t(GgeomK , V ))⇒ H
s+t(GK , V ).
There is therefore an exact sequence
(22) 0→ H1(Gk, H
0(GgeomK , V ))→ H
1(GK , V )
→ H0(Gk, H
1(GgeomK , V ))→ H
2(Gk, H
0(GgeomK , V )).
Observe that
H•(GgeomK , V )
∼= lim−→
U
H•e´t(U,V),
where U ranges over the Zariski open subsets of T := Mg,n/k[m] that are defined
over k.
The Gysin sequence implies that if U = T − Z, then there is an exact sequence
0→ H1e´t(T,Qℓ)→ H
1
e´t(U,Qℓ)→ Ind
Gk
GkS
Qℓ(−1)
of Gk-modules, where S is the set of components of Z that have codimension 1 in T
andGkS is the kernel of the action ofGk on S. SinceH
1
e´t(T,Q) = 0 for all g ≥ 3, [14,
Prop. 5.2], this implies thatH1e´t(U,Qℓ) is aGk-submodule of Ind
Gk
GkS
Qℓ(−1). There-
fore H0(Gk, H
1
e´t(U,Qℓ(r))) vanishes for all r 6= 1, and H
0(Gk, H
1(GgeomK ,Qℓ(r)))
thus vanishes as well. Assertion (i) now follows from the exactness of (22).
It suffices to prove (iii) and (iv) when V is a geometrically non-trivial, irreducible
GSp(H)-module. For the remainder of the proof, we will assume this to be the
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case. This assumption implies that H0(GgeomK , V ) = 0, so that the bottom row of
the spectral sequence (21) vanishes. Theorem 16.1 and [14, Proposition 5.2] imply
that SpecK → U → T induce isomorphisms
H1(GgeomK , HQℓ(r))
∼= H1e´t(U,HQℓ(r))
∼= H1e´t(T,HQℓ(r))
∼= Qℓ(r)
n
H1(GgeomK ,Λ
3
0HQℓ(r))
∼= H1e´t(U,Λ
3
0HQℓ(r))
∼= H1e´t(T,Λ
3
0HQℓ(r))
∼= Qℓ(r)
andH1(GK , V ) = H
1
e´t(U,V) = H
1
e´t(T,V) = 0 for all other geometrically non-trivial,
irreducible GSp(HQℓ)-modules V . Assertion (ii) now follows directly from (22).
As observed above, the fact that V is a geometrically non-trivial, irreducible
representation implies that the bottom row of the spectral sequence (21) vanishes.
Consequently, there is an exact sequence
(23) 0→ H1(Gk, H
1(GgeomK , V ))→ H
2(GK , V )
→ H0(Gk, H
2(GgeomK , V ))→ H
2(Gk, H
1(GgeomK , V )).
Assertion (iii) follows.
To prove (iv), consider the spectral sequence of e´tale cohomology that converges
to H•e´t(T,V). Since V is a geometrically non-trivial, irreducible GSp(H)-module,
H0(T ⊗k k,V) = 0. The map SpecK → T induces a map of spectral sequence, and
thus also a map of exact sequences
0 // H1(Gk, H1e´t(T ⊗k k,V))
∼=

// H2e´t(T,V)
//

H0(Gk, H
2
e´t(T ⊗k k,V)) _

0 // H1(Gk, H1(G
geom
K , V ))
// H2(GK , V ) // H
0(Gk, H
2(GgeomK , V ))
whose second row is part of (23). Theorem 16.1 implies that the left-hand verti-
cal map is an isomorphism and that the right-hand vertical map is an inclusion.
Assertion (iv) follows. 
Each GrW−r π
un is a GSp(H)-module. The GK action on it factors through the
monodromy representationGK → GSp(HQℓ). Since the image ofG
geom
K is contained
in Sp(H), the geometric invariants (GrW−r π
un)Sp(H) is a Gk-module which vanishes
when r is odd and is isomorphic to a sum of copies of Qℓ(t) when r = 2t is even.
Corollary 16.4. Suppose that g ≥ 5. If r ≥ 2, then
H1(GK ,Gr
W
−r π
un) ∼= H1(Gk, (Gr
W
−r π
un)Sp(H))
In particular, when r > 1 is odd, then H1(GK ,Gr
W
−r π
un) vanishes. If r ≥ 2, then
the cup product
H1(GK , H)⊗H
1(GK ,Gr
W
−2r π
un)→ H2(GK ,Gr
W
−2r−1 π
un),
induced by the commutator H ⊗GrW−2r π
un → GrW−2r−1 π
un, is injective.
Proof. Suppose that r ≥ 2. Write
GrW−r π
un = (GrW−r π
un)Sp(H) ⊕ V
where V is a GSp(H)-module. Since V has weight < −1 and since each of its
irreducible components is geometrically non-trivial, Proposition 16.3 implies that
H1(GK , V ) = 0. It follows that
H1(GK ,Gr
W
−r π
un) ∼= H1(GK , (Gr
W
−r π
un)Sp(H)).
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Since (GrW−r π
un)Sp(H) vanishes when r is odd and when r = 2, and is a direct sum
of copies of Qℓ(t) when r = 2t, Proposition 16.3 implies that, when r ≥ 2,
H1(GK , (Gr
W
−r π
un)Sp(H)) ∼= H1(Gk, (Gr
W
−r π
un)Sp(H)).
This proves the first assertion.
Schur’s Lemma implies that all Sp(H)-submodules of H ⊗ (GrW−r π
un)Sp(H) are
of the form H⊗B, where B is a subspace of (GrW−r π
un)Sp(H). Since the Lie algebra
GrW• π
un is generated by H = GrW−1 π
un and has trivial center [34, p. 201], the
commutator mapH⊗(GrW−r π
un)Sp(H) → GrW−r−1 π
un is injective. Since GrW−r−1 π
un
is a semi-simple GK-module,
H2
(
GK , H ⊗ (Gr
W
−r−1 π
un)Sp(H)
)
→ H2(GK ,Gr
W
−r−1 π
un)
is injective. To prove the last assertion, it thus suffices to show that the cup product
(24) H1(GK , H)⊗H
1
(
GK , (Gr
W
−r π
un)Sp(H)
)
→ H2(GK , H ⊗ (Gr
W
−r π
un)Sp(H))
is injective.
Proposition 16.3(ii) implies that H1(GK , H) = H
1(GgeomK , H). This is a trivial
Gk-module. The cup product (24) is thus the composite of the mappings:
H1(GK , H)⊗H
1
(
Gk, (Gr
W
−r π
un)Sp(H)
)
≃
→ H1(GgeomK , H)⊗H
1
(
Gk, (Gr
W
−r π
un)Sp(H)
)
∼= H1
(
Gk, H
1(GgeomK , H)⊗ (Gr
W
−r π
un)Sp(H)
)
∼= H1
(
Gk, H
1(GgeomK , H ⊗ (Gr
W
−r π
un)Sp(H))
)
⊆ H2(GK , H ⊗ (Gr
W
−r π
un)Sp(H)).
which is injective as Proposition 16.3(iv) implies that the last mapping is injective.

17. Computation of H•(gK ,Gr
W
• p)
The computation of the cohomology groups H•(gK ,Gr
W
−r p) in low degrees is
needed for the application of the non-abelian cohomology of Section 14 to the proofs
of Theorems 2 and 3. Throughout this section, we assume that χℓ : Gk → Z
×
ℓ has
infinite image.
Since GSp(H) is connected, Proposition 6.8 and Remark 6.9 imply that
Hj(gg,n, V ) ∼= HomGSp(H)(Hj(ug,n), V ))
for all finite dimensional GSp(H)-modules V . In particular, the projections
c, dj , ej , eij ∈ HomGSp(H)(H2(ug,n),Λ
2
0H)
defined in display (12), Section 9, can be regarded as elements ofH2(gg,n,Λ
2
0H). We
will also regard them as elements of H2(gK ,Λ
2
0H) via the natural homomorphism
H2(gg,n,Λ
2
0H)→ H
2(gK ,Λ
2
0H).
Proposition 17.1. If g ≥ 5 and n ≥ 0, then
H1(gK ,Gr
W
−r p)
∼=

Qℓ
n r = 1,
0 2 < r < 6 and r odd > 6,
H1(Gk, (Gr
W
−r π
un)Sp(H)) r > 2 even.
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When r = 2, H2(gK ,Gr
W
−2 π
un) is isomorphic to H2(gg,n,Λ
2
0H) and is generated
by the classes c, dj , ej, (1 ≤ j ≤ n), eij, (1 ≤ i ≤ j ≤ n), which are subject to the
relations
c+ dj + ej = 0, j = 1, . . . , n.
Consequently {c, ei, eij : 1 ≤ i ≤ j ≤ n} is a basis of H
2(gK ,Λ
2
0H).
Proof. The exponential map induces a GK-module isomorphism Gr
W
−r p→ Gr
W
−r π
un.
We will denote this coefficient module by GrW−r π
un in group cohomology, and by
GrW−r p in Lie algebra cohomology. Proposition 16.3 implies that the natural map
Hj(gK ,Gr
W
−r p)→ H
j(GK ,Gr
W
−r π
un)
is an isomorphism when j = 1 and injective when j = 2. The computation of
H1(gK ,Gr
W
−r p) follows directly from Proposition 16.3, Corollary 9.3, and Corol-
lary 16.4.
Proposition 6.8 implies that SpecK →Mg,n/k induces an inclusion
H2e´t(Mg,n/k,Λ
2
0H) →֒ H
2(GK ,Λ
2
0H)
and therefore an injection
(25) H2(gg,n,Λ
2
0H)→ H
2(gK ,Λ
2
0H).
Apply HomGSp(H)( ,Λ
2
0H) to the exact sequence in Lemma 6.7 with u = uK and
ug,n to obtain the commutative diagram
0 // HomGSp(H)(GrW−2 ug,n,Λ20H)
bracket∗//

HomGSp(H)(Λ
2 GrW−1 ug,n,Λ
2
0H)
//
∼=

H2(gg,n,Λ
2
0H) _

// 0
0 // HomGSp(H)(GrW−2 uK ,Λ20H)
bracket∗// HomGSp(H)(Λ2 GrW−1 uK ,Λ20H) // H2(gK ,Λ20H) // 0
The rows are exact because H1(gK ,Λ
2
0H) and H
1(gg,n,Λ
2
0H) both vanish when
g ≥ 5. This implies that (25) is an isomorphism, which implies that the left-hand
vertical map is an isomorphism. The result now follows from Propositions 9.12,
which implies that {c,di, ei, eij : 1 ≤ i ≤ j ≤ n} is a basis of the middle group,
and Proposition 9.13, which implies that the relations are {c + di + ei = 0 : 1 ≤
i ≤ n}. 
Since H1(GK ,Gr
W
−r π
un) is finite dimensional if and only if H1(Gk,Qℓ(r/2)) is
finite dimensional, the previous Proposition and Corollary 16.4 imply:
Proposition 17.2. If 1 ≤ r < 6 or if r is odd, then for all fields k of charac-
teristic zero, H1(gK ,Gr
W
−r p) is finite dimensional. If r = 2s ≥ 6 is even and if
H1(Gk,Qℓ(s)) is finite dimensional, then H
1(gK ,Gr
W
−r p) is finite dimensional.
This allows us to apply the non-abelian cohomology of Section 14 when k is
a number field or a finite extension of Qp provided p 6= ℓ. The following result is
needed for the computation of the connecting morphism in non-abelian cohomology.
Proposition 17.3. If g ≥ 5 and n ≥ 1, then the map
H1(gK ,Gr
W
−1 p)⊗H
1(gK ,Gr
W
−r p)→ H
2(gK ,Gr
W
−r−1 p),
induced by the bracket GrW−1 p⊗Gr
W
−r p→ Gr
W
−r−1 p, is injective.
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Proof. This follows from Corollary 16.4 and the fact that the diagram
H1(gK ,Gr
W
−1 p)⊗H
1(gK ,Gr
W
−r p)
∼=

// H2(gK ,Gr
W
−r−1 p) _

H1(GK ,Gr
W
−1 π
un)⊗H1(GK ,Gr
W
−r π
un) // H2(GK ,Gr
W
−r−1 π
un)
commutes, and the fact that the left-hand vertical map is an isomorphism and the
right-hand vertical map is an inclusion. 
18. Proofs of Theorems 2 and 3
We are now ready to combine the non-abelian cohomology of Section 14 with
the subsequent computations to prove Theorems 2 and 3. Throughout we assume
that g ≥ 5 and that r ≥ 1 and that the image of χℓ : Gk → Z
×
ℓ is infinite. We will
assume that H1(gK ,Gr
W
−s p) is finite dimensional whenever 1 ≤ s ≤ r to ensure
that the scheme H1nab(GK , π
un/W−r−1) is defined. Conditions under which this is
the case are given in Proposition 17.2. They are satisfied, for example, when k is a
number field or a finite extensions of Qp where p 6= ℓ.
When n ≥ 1, denote by sj the section of GC → GK induced by the jth tautological
point xj of C. There are thus maps
ιr : {s1, . . . , sn} → H
1
nab(GK , π
un/W−r−1)(Qℓ)
for each r > 0. When n = 0, we consider {s1, . . . , sn} to be the empty set. The
maps ιr are compatible in the sense that
{s1, . . . , sn} ιr+1
//
ιr
--
H1(GK , π
un/W−r−2) quot∗
// H1(GK , πun/W−r−1)
commutes.
When r = 1, H1(GK , π
un/W−2) is a principal homogeneous space over
H1(gK ,Gr
W
−1 p) = H
1(gK , H) = Qℓκ1 ⊕ · · · ⊕Qℓκn.
The first task it to fix a natural identification
H1(gK ,Gr
W
−1 p)
≃
→ H1nab(GK , π
un/W−2).
Proposition 14.5 implies that elements ofH1nab(GK , π
un/W−2) correspond to GSp(H)-
invariant sections of GrW−1 uC → Gr
W
−1 uK . Theorem 9.11 implies that these corre-
spond to the GSp(H)-invariant sections of the map ǫn : Λ
3
n+1H → Λ
3
nH that takes
(v;u0, u1, . . . , un) to (v;u1, . . . , un). We identify H
1
nab(GK , π
un/W−2) with A
n
Qℓ
by
identifying the GSp(H)-invariant section
(v;u1, . . . , un) 7→ (v :
∑n
j=1 ajuj , u1, . . . , un)
of ǫn with (a1, . . . , an). Corollary 12.6 now implies:
Lemma 18.1. With this identification,
(2g − 2)ι1(sj) = κj ∈ H
1
nab(GK , π
un/W−2)(Qℓ),
where 1 ≤ j ≤ n. Consequently, ιr is injective for each r ≥ 1.
The computation of δ : H1nab(GK , π
un/W−2) → H
2(gK ,Gr
W
−2 p) is a reformula-
tion of Lemma 10.5.
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Lemma 18.2. If g ≥ 5, then the connecting morphism
δ : H1nab(GK , π
un/W−2)→ H
2(gK ,Gr
W
−2 p)
is given by
δ
(∑n
j=1 ajκj
)
/(2g − 2) =
∑
i<j aiajeij +
∑
i(a
2
i − ai)ei + (1−
∑
i ai)c.
Proof. This follows directly from the construction of δ given in Section 14.2, the
cohomology computation Proposition 17.1, and the formula for the bracket given
in Lemma 10.5. 
Corollary 18.3. If g ≥ 5, then
ι2 : {s1, . . . , sn} → H
1
nab(GK , π
un/W−3)(Qℓ)
is a bijection.
Proof. Theorem 14.3 implies that H1(GK , π
un/W−3) is the inverse image of 0 under
δ : H1(GK , H)→ H
2(gK ,Gr
W
−2 p).
The previous result and the Chinese Remainder Theorem imply that
δ−1(0) =
{
(2g − 2)−1
∑n
j=0 ajκj : aiaj = δi,jaj ,
∑
i ai = 1
}
= {κ1/(2g − 2), . . . , κn/(2g − 2)} × SpecQℓ.
The result follows as ι2(sj) = κj/(2g − 2). 
Proof of Theorem 2. By Proposition 7.3, a section of π1(C, x) → GK induces a
section of GC/W−3π
un → GK . But the previous result implies that there are no
such sections when n = 0. 
Another consequence is the following version of the Section Conjecture. The
theorem shows that Kim’s program [29] works well in the case where the curve is
the generic curve of type (g, n) with a level m ≥ 1 structure and g ≥ 5.
Theorem 18.4. Suppose that k is a field of characteristic zero and that ℓ is a
prime number for which the image of the ℓ-adic cyclotomic character χℓ is infinite.
Let K = k(Mg,n[m]) and C be the restriction of the universal curve over Mg,n[m]
to its generic point. If g ≥ 5 and n ≥ 0, then C(K) = {x1, . . . , xn} and the function
sectunr : C(K)→ H
1
nab(GK , π
un/W−r−1)(Qℓ)
that takes a rational point x to the conjugacy class of the section sunr,x of
G˜QℓC /W−r−1π
un(Qℓ)→ GK
induced by sx is a bijection when 2 ≤ r ≤ 5. If H
1(Gk,Qℓ(t)) vanishes for all t ≥ 3
— such as when k is a finite extension of Qp, p 6= ℓ [35, VII,§3] — then sect
un
r is
a bijection for all r ∈ [3,∞].
Proof. We know from Theorem 1 that C(K) = {x1, . . . , xn}. From Proposition 15.2
we know that H1nab(GK , π
un/W−r−1)→ H
1
nab(GK , π
un/W−r−1) is an isomorphism.
The result then follows from the exact sequence of Theorem 14.3 and the compu-
tations of Proposition 17.1. 
Additional work is required when H1(Gk,Qℓ(t)) does not vanish for all t ≥ 3.
This is the case when k is a number field, for example.
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Proposition 18.5. Suppose that r ≥ 2 and that H1(Gk,Qℓ(t)) is finite dimensional
whenever 3 ≤ 2t ≤ r. If g ≥ 5, then there are natural isomorphisms
H1nab(GK , π
un/W−r−1) ∼= H
1
nab(GK , π
un/W−r−1)
∼= {s1, . . . , sn} ×H
1
(
gK ,Gr
W
−r p
)
∼=
{
{s1, . . . , sn} × SpecQℓ r odd,
{s1, . . . , sn} ×H
1
(
Gk,
(
GrW−r π
un
)Sp(H))
r even.
where ιm(sj) corresponds to sj when r is odd and to (sj , 0) when r is even. When
r = 2t, there is a commutative diagram.
{s1, . . . , sn} ×H
1(gK ,Gr
W
−2t p)
ι1×id//
OO
∼=

H1(gK ,Gr
W
−1 p)⊗H
1(gK ,Gr
W
−2t p)
cup

H1nab(GK , pi
un/W−2t)
δ // H2(gK ,GrW−2t−1 p)
where cup is induced by the bracket GrW−1 p⊗Gr
W
−2t p→ Gr
W
−2t−1 p.
Proof. We prove this result by induction on r using the exact sequence of The-
orem 14.3. The case r = 2 is established in Corollary 18.3. Observe that the
composition
{s1, . . . , sn}
ιr // H1(GK , πun/W−r−1)(Qℓ)
δ // H2(gK ,Gr
W
−r−1 p)
of ιr with the connecting morphism δ is trivial for all r > 1. SinceH
1(g,GrW−r p) = 0
for 2 ≤ r < 6, the result also holds when r < 6.
Next observe that if the result is true for r = 2t− 1 > 2, it is also true for r = 2t
as the exact sequence of non-abelian cohomology implies that H1nab(G, π/W−2t−1)
is a principal H1(gK ,Gr
W
−2t p) bundle over H
1
nab(GK , π
un/W−2t−2π
un), which, by
induction, is {s1, . . . , sn}.
To prove that if the result is true for r = 2t, then it is true for r = 2t + 1, it
suffices to prove the last assertion as then Proposition 17.3 then implies that δ is
an imbedding on each sj ×H
1(gK ,Gr
W
−2t p) that takes (sj , 0) to 0. But this follows
from the description of δ given in Section 14.2. 
Combining Theorem 1 with the fact that H1nab(GK , π
un) is the projective limit
of the H1nab(GK , π
un/W−r), we obtain:
Theorem 18.6. Suppose that k is a field of characteristic zero and that ℓ is a prime
number for which the image of the ℓ-adic cyclotomic character χℓ is infinite. Let
K = k(Mg,n[m]) and C be the restriction of the universal curve over Mg,n/k[m]
to its generic point. If g ≥ 5 and n ≥ 0 and if H1(Gk,Qℓ(s)) is finite dimensional
for all s ≥ 3, then C(K) = {x1, . . . , xn} and the function
sectun∞ : C(K)→ H
1
nab(GK , π
un)(Qℓ)
that takes a rational point to the conjugacy class of the section of
G˜QℓC /W−r−1π
un(Qℓ)→ GK
induced by sx is a bijection.
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This completes the proof of Theorem 3. With minor modifications, one can prove
the following generalization.
Let T be a section of dimension ≥ 3 of Mg,n/k[m] by a generic complete inter-
section as described in Remark 16.2. Suppose that T is defined over k and geomet-
rically connected. Denote the restriction of the universal curve over Mg,n/k[m] to
T by C → T . Set K = k(T ).
Theorem 18.7. Suppose that ℓ is a prime number and that the image of the ℓ-adic
cyclotomic character is infinite. If g ≥ 5, n ≥ 0 and m ≥ 1 and if H1(Gk,Qℓ(r))
is finite dimensional for all r > 1, then
C(K)→ H1nab(GK , π
un)(Qℓ)
is an isomorphism.
The proof is left the interested reader. The main point is that the computations
of Section 16 hold in this more general situation. The rest of the argument is
identical.
Appendix A. A Hodge Theoretic Lemma
Suppose that T is a complex algebraic manifold and that H is a polarized vari-
ation of Hodge structure (PVHS) of negative weight. Suppose that the Z-local
system underlying H is torsion free. Here we will construct the sequence
(26) 0→ Ext1H(Z(0), H
0(T,HZ))
j
→ Ext1H(T )(Z(0)T ,HZ)
δ
→ H1(T,HZ)
used in the proof of Proposition 11.2 and prove that it is exact. The proof below is
short and direct. A stronger result can be deduced from general results proved in
[24] in which the image of δ is shown the be the appropriate set of Hodge classes.
The map δ takes a VMHS V that is an extension
0→ H→ V→ Z(0)T → 0
to the corresponding extension of local systems, which is an element of
Ext1L(T )(Z,H)
∼= H1(T,H)
where L(T ) denotes the category of Z-local systems over T .
The map j is defined by pushout. By the theorem of the fixed part for PVHS,
H0(T,H) [39] has a pure Hodge structure and the inclusion H0(T,H) →֒ Ht is a
morphism of HS for all t ∈ T . Thus H0(T,H) may be regarded as a constant sub
PVHS of H over T . An extension
(27) 0→ H0(T,H)→ V → Z(0)→ 0
in the category of MHS can be viewed as a constant VMHS over T . One can push
it out along the inclusion H0(T,H) →֒ H to obtain an extension of Z(0)T by H:
0 // H0(T,H) //

V //

Z(0) //

0
0 // H // V // Z(0)T // 0
The map j takes the extension (27) to this extension. Injectivity will follow from
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We’ll say that an extension
0→ H→ V→ Z(0)T → 0
in the category H(T ) of admissible VMHS over T is topologically trivial if it splits
in the category L(T ) of local systems over T . The kernel of δ consists of those
extensions V that are topologically trivial.
To prove exactness, it suffices to show that every topologically trivial extension
of Z(0)T by H arises from an element of Ext
1
H(Z(0), H
0(T,HZ)) by the pushout
construction above. Suppose that V is an extension of Z(0)T by H in H(T ). Then
the Theorem of the Fixed Part for VMHS [41] implies that H0(T,V) has a natural
MHS. The exact sequence
(28) 0→ H→ V→ Z(0)T → 0
gives a long exact sequence
0→ H0(T,H)→ H0(T,V)→ Z(0)
d
→ H1(T,H).
Then V is a topologically trivial extension of Z by H if and only if d = 0. Thus,
when V is a topologically trivial extension, we have the short exact sequence
(29) 0→ H0(T,H)→ H0(T,V)→ Z(0)→ 0
which we regard as an element of Ext1H(Z(0), H
0(T,HZ)). It may be regarded as a
subvariation of V over T . This construction defines a function
r : ker δ → Ext1H(Z(0), H
0(T,HZ))
which is easily seen to be a homomorphism. It is also easy to check that r ◦ j
is the identity. To prove exactness of the sequence (26), it suffices to show that
r is injective. But this is clear, for if the extension (29) is split, then one has a
Hodge splitting s : Z(0)T → H
0(T,V) of it. But, regarding H0(T,V) as a constant
subvariation of V, we see that s gives a splitting of (28) in H(T ). This implies that
ker r = 0.
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